A comparative evaluation of five tire traction models by Tielking, John Thomas
A Comparative Evaluation of 
Five Tire Traction Models 
INTERIM DOCUMENT 6 
by 
John T. Tielking 
Naveen K. Mital 
January 1974 
Highway Safety Research Institute / University of Michigan 

S H E E T  UM-HSRI-PF-74-2 1 1 
4. 'I'it I t  and Suht l t  ic 5. Report D ~ t e  
A COMPARATIVE EVALUATIOH OF FIVE TIRE TRACTION XODELS / January 1974 
7. Autlior(s) 
J .T .  T i e l k i n g  and N.K. Mi ta l  
9 .  i'crform~nr, O r K ~ n i z 3 r i o n  hame and AdJres.i 
Highway S a f e t y  Research I n s t i t u t e  
Univers i ty  of Michigan 
Huron Parkway and Baxter Road 
Ann Arbor, Michigan 48105 
12. Sponsor~ni:  Or ani:.irldn Y a r e  and ,Address 
Motor ~ e f i i c f e  Elanufacturers Assoc ia t ion  
320 New Center Bui ld ing 
D e t r o i t ,  Michigan 48202 
8. Performing Organization Rep:. 
No. 
UM-HSRI-PF-74-2 
10. Project  , T ~ s i c .  l o c k  Unit :;o. 
- 
11. Contract/Granr So. 
13. Type of Report & Pe ,*od  
Covered 
14. 
15. Supplcmentary Notes r 
I n t e r i m  Document 6:  T i r e  T r a c t i o n  C h a r a c t e r i s t i c s  A f f x t i n g  Vehic le  Performance - 16. Absrracrs 
F ive  t i r e  nodeis  which have t h e  c a p a b i l i t y  07; s imula t ing  t i r e  t r a c t i o n  i o r c z s  
and a l i g n i n g  moment i c  response  t o  combincd l o n g i t u d i n d  and l a t e r a l  wheel s l i p  
(braking and s t e e r i n g )  dre eva lua ted  i n  a new s e t  of c ~ o r d i n a t z s  designea t o  s i m p l i f y  
t h e  closed-form a l g e b r a i c  t r a c t i o n  f o r c e  and momnt express ions .  The t r a c t i o n  
responses  of t h e  f i v e  t i ; e  models a r e  corpared and t h e  e f f e c t s  of v a r i o u s  assumptions 
made i n  t h e  d e r i v a t i o n  n f  each model a r e  d i scussed .  A chap te r  i s  devoted t o  t i r e  
t e s t i n g  f o r  model inpu t  d a t a .  D i g i t a l  computer p r o g ~ a r l s  a r e  inc luded .  
I \7c .  COSATI Fir iJ/Group 
I 
18. A v a ~ l a b i l l r ~  Statement 
UhXIElITED 
F O R M  N T l S . 3 5  I H E V .  3 - 7 2 )  
U S C O M M . 3 C  ' 4 d : .  . P i 2  
19. Securit: C i a s s  (This  
Report)  
L ' ~ C I . A < S ~ F ~ I . L )  
2C. S e c ~ : ; ~ t ~  c i l s s  (i'i1i.s 
Page 
I - S ~ I . , ~ V I F I I < I )  
21. 1 0 .  of P a g e s  

A COFIPARATII'E EITALUATI ON 
OF FIVE TIRE TRACTION hlODELS 
John T. Tielking 
Naveen K. ;\Iital 
Project 329180 
Tire Traction Characteristics 




The Motor Vehicle Manufacturers Association 
The s t u d y  o f  t i r e  t r a c t i o n  y o d e l s  c o n t a i n e d  i n  t h i s  document 
was conduc t ed  a s  p a r t  of  an ongoing  t i r e  r e s e a r c h  p r o j e c t  e n t i t l e d  
" T i r e  T r a c t i o n  C h a r a c t e r i s t i c s  . l f f e c t i n g  V e h i c l e  Pe r fo rmance , ' '  
s p o n s o r e d  by  t h e  Motor \ - e h i c l e  b l anu fac tu r e r s  .Assoc i a t i on .  I pr imary  
o b j e c t i v e  of  t h i s  r e s e a r c h  p r o j e c t  i s  t o  deve lop  a  ma thema t i ca l  
model c a p a b l e  o f  p r e d i c t i n g  t h e  s i g n i f i c a n t  mechan i ca l  pe r formance  
c h a r a c t e r i s t i c s  o f  t h e  pneumat ic  t i r e  from b a s i c  d e s i g n  and o p e r a t i n g  
v a r i a b l e s .  
The r e s e a r c h  r e p o r t e d  h e r e i n  \{as conduc t ed  t o  g a i n  a  t ho rough  
u n d e r s t a n d i n g  o f  t h e  development  and o p e r a t i o n  o f  r e c e n t l y  p u b l i s h e d  
t i r e  t r a c t i o n  mode l s .  :I s y s t e m a t i c  s e t  of  d e f i n i t i o n s  f o r  t h e  
o p e r a t i n g  v a r i a b l e s  d e s c r i b i n g  t i r e  o r i e n t a t i o n ,  mo t ion ,  and s h e a r  
f o r c e  g e n e r a t i o n  was deve loped  i n  t h e  framework o f  a  sy s t em of  t i r e  
and c o n t a c t  r e g i o n  c o o r d i n a t e s  d e f i n e d  t o  f a c i l i t a t e  t i r e  model s t u d y .  
Four p u b l i s h e d  t i r e  models a r e  r e c a s t  i n  t h i s  new c o o r d i n a t e  sys tem 
and r e d e r i v e d  xcith t h e  common s e t  o f  o p e r a t i n g  v a r i a b l e  d e f i n i t i o n s .  
f i f t h  t i r e  model i s  d e r i v e d  by  a change o f  p r e s s u r e  d i s t r i b u t i o n .  
The t i r e  model r e s p o n s e s  t o  a common s e t  o f  t i r e  c h a r a c t e r i z i n g  d a t a  
and o p e r a t i n g  v a r i a b l e  r anges  a r e  compared and t h e  e f f e c t s  o f  v a r i o u s  
a s ~ u n p t i o ~ s  ~ . a d e  d u r i n g  model d e r i v a t i o n  a r e  i d e n t i f i e d .  
Secavse c f  t h e  v a r i a t i o n s  found i n  t h e  r e s p o n s e  of  t h e  f i v e  
t i r e  modeis t o  t h e  same i n p u t  d a t a ,  compar i son  w i t h  e x p e r i m e n t a l  d a t a  
was n o t  a t t e m p t e d  i n  t h i s  document.  The n e x t  s t a g e  o f  t h i s  t i r e  
r e s e a r c h  e f f o r t  w i l l  be conce rned  w i t h  a  q u a n t i t a t i v e  v a l i d a t i o n  o f  
t h e  v a r i o u s  t i r e  models w i t h  measured t i r e  t r a c t i o n  d a t a .  
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INTRODUCTION 
The models ana lyzed  i n  t h i s  document were r e c e n t l y  deve loped  
f o r  t h e  s i m u l a t i o n  o f  t i r e  t r a c t i o n  c h a r a c t e r i s t i c s  p roduced  by 
t i r e - r o a d  i n t e r f a c i a l  s h e a r  f o r c e s .  Some of  t h e  models have t h e  
c a p a b i l i t y  of  s i m u l a t i n g  a l i g n i n g  morent  i n  a d d i t i o n  t o  t h e  
t r a c t i o n  f o r c e s .  Al though t h e  p u b l i c a t i o n  of  a  t i r e  x r a c t i o n  
model a lways i n c l u d e s  a  comparison of i t s  r e s p o n s e  w i t 3  measured 
t i r e  d a t a ,  t h e r e  i s  no d i s c u s s i o n  on t h e  r e l a t i v e  m e r i t s  o f  t h e  
new model compared w i t h  p r e v i o u s  o n e s .  Th i s  s h o u l d  n o t  be con-  
s i d e r e d  a  d e f e c t  i n  t h e  l i t e r a t u r e  a s  each  model ,  i n  a t t e m p t i n g  
t o  s i m u l a t e  c e r t a i n  a s p e c t s  o f  t i r e  b e h a v i o r ,  c o n t a i n s  a  number 
of  s i m p l i f y i n g  and sometimes i n d e f e n s i b l e  a s sumpt ions .  I t  s h o u l d  
be r e c o g n i z e d  t h a t  a  t i r e  model i s ,  o f  n e c e s s i t y ,  d e s i g n e d  w i t h  a  
p a r t i c u l a r  a p p l i c a t i o n  i n  mind. Th i s  document i s  n o t  w r i t t e n  t o  
d e c l a r e  one model s u p e r i o r  ove r  a l l  o t h e r s ,  b u t  t o  p r e s e n t  a l l  of  
t h e  models i n  a  common fo rma t  and t o  compare t h e  r e s p o n s e  of  each  
model t o  t h e  o t h e r s  w i t h  t h e  o b j e c t i v e  of  i d e n t i f y i n g  t h e  e f f e c t s  o f  
t h e  v a r i o u s  assumpt ions  made d u r i n g  d e r i v a t i o n .  I t  i s  hoped t h a t  t h i s  
document w i l l  f a c i l i t a t e  t h e  t a s k  o f  s i f t i n g  t h r o u g h  t h e  l i t e r a t u r e  
t o  de t e rmine  an adequa t e  t i r e  t r a c t i o n  model f o r  a  p a r t i c u l a r  
a p p l i c a t i o n .  
COORDINATE SYSTEMS 
I t  i s  u n f o r t u n a t e  t h a t  no s t a n d a r d i z e d  c o o r d i n a t e  sys tem 
s u i t a b l e  f o r  t i r e  t r a c t i o n  work has  been a g r e e d  upon. A t i r e  
1 a x i s  sys tem has been adop ted  by SAE [ I ]  f o r  i n c l u s i o n  i n  a  
l ~ i ~ u r e s  i n  b r a c k e t s  i n d i c a t e  l i t e r a t u r e  r e f e r e n c e s  on page 1 0 7 .  
s t a n d a r d i z e d  v e h i c l e  dynamics t e r m i n o l o g y .  Th i s  v e h i c l e - o r i e n t e d  
t i r e  a x i s  s y s t e m  i g n o r e s  t i r e  d e f o r m a t i o n  and presumes  a  p o i n t  
r a t h e r  t h a n  f i n i t e  c o n t a c t  a r e a .  The SAE a x i s  s y s t e m ,  ~c l l i ch  
o r i g i n a t e s  a t  a h y p o t h e t i c a l  " c e n t e r  of  t i r e  c o n t a c t , "  w i l l  be  
s l i g h t l y  m o d i f i e d  i n  t h i s  document f o r  u s e  a s  a  r e f e r e n c e  f rame 
i n  t h e  d e s c r i p t i o n  o f  t i r e  o r i e n t a t i o n ,  m o t i o n ,  and r e s u l t a n t  
t r a c t i o n  f o r c e  components .  
For  t h e  s t u d y  o f  t i r e  t r a c t i o n ,  which i n v o l v e s  a  f i n i t e  
c o n t a c t  r e g i o n  whose l o c a t i o n  ( w i t h  r e s p e c t  t o  t h e  r i g i d  whee l )  
and a r e a  a r e  dependen t  upon t i r e  o p e r a t i n g  v a r i a b l e s ,  a  s e p a r a t e  
c o o r d i n a t e  sy s t em must b e  d e f i n e d  f o r  t h e  d e s c r i p t i o n  o f  e v e n t s  
t a k i n g  p l a c e  i n  t h e  c o n t a c t  r e g i o n .  S i n c e  t h e  c o n t a c t  r e g i o n  
d i s t o r t i o n s  a s s o c i a t e d  w i t h  t i r e  t r a c t i o n  a r e  v e r y  complex,  i t  i s  
i m p o r t a n t  t o  a d o p t  a  c o n t a c t  c o o r d i n a t e  sy s t em which w i l l  f a c i l i t a t e  
t h e  d e r i v a t i o n  o f  t r a c t i o n  e q u a t i o n s  and min imize  t h e i r  c o m p l e x i t y .  
The c o n t a c t  c o o r d i n a t e s  which a r e  i n t r o d u c e d  i n  F i g u r e  1 r e s u l t  
from a  s t u d y  o f  many t i r e  mode l s .  They c o n s i d e r a b l y  s i m p l i f y  t h e  
d e s c r i p t i o n  o f  t i r e  c o n t a c t  d i s t o r t i o n  and s h e a r  f o r c e  g e n e r a t i o n .  
The models  a n a l y z e d  i n  t h i s  document have  been  r e d e r i v e d  i n  t h i s  
new s e t  o f  c o o r d i n a t e s .  
F i g u r e  1 d e p i c t s  an  i n c l i n e d  t i r e  r o l l i n g  a t  a  s l i p  a n g l e  a .  
- .  P o i r t  C, rn r i g u r e  l ,  l i e s  on t h e  r o a d  s u r f a c e  a t  t h e  c e n t e r  o f  t i r e  
3 
C C ? ~ ~ C * _ "  a s  Ccf!->e6. 'by $?i? - .  1 -1:e :$,heel d i a m e t e r  p a s s i n g  t h rough  
C i s  i n c l i n e d  f rom v e r t i c a l  a t  an  a n g l e  y. 
/ 
"The c e n t e r  o f  t i r e  c o n t a c t  i s  d e f i n e d  t o  b e  t h e  i n t e r s e c t i o n  o f  
t h e  wheel p l a n e  and t h e  v e r t i c a l  p r o j e c t i o n  o f  t h e  wheel  a x i s  
o n t o  t h e  r o a d  p l a n e .  
F i g u r e  1.  'Tire c o o r d i n a t e s  ( x , y ,  z) and c o n t a c t  c o o r d i n a t e s  
( C  ,Q) * 
S t e a d y - s t a t e  r o l l i n g  o f  a  un i fo rm t i r e  i s  presumed s o  t h a t  
i t  w i l l  n o t  be  n e c e s s a r y  t o  d i s t i n g u i s h  be tween  moving and i n e r t i a l  
c o o r d i n a t e s .  The t i r e  c o o r d i n a t e  sy s t em ( x , y , z )  o r i g i n a t e s  a t  
p o i n t  C w i t h  x - y  i n  t h e  r o a d  p l a n e  and t h e  z - a x i s  v e r t i c a l  upward.  
The \ (hee l  v e l o c i t y  components ix and 1' a r e  p o s i t i v e  i n  t h e  
Y 
d i r e c t i o n s  o f  t h e  x  and y a x e s .  The s l i p  a n g l e  a ,  measured f rom 
t h e  x - a x i s  t o  t h e  d i r e c t i o n  o f  t r a v e l ,  i s  p o s i t i v e  a s  shown i n  
F i g u r e  1. Except  f o r  o r i e n t a t i o n  ( z - a x i s  p o s i t i v e  upward) t h e  t i r e  
c o o r d i n a t e  s y s t e m  ( x , y , z )  i n  F i g u r e  1 i s  e q u i v a l e n t  t o  t h e  S-4E 
t i r e  a x i s  sy s t em (X', Y', Z '  i n  F i g .  1 o f  [ I ] ) .  The s l i p  a n g l e  
a and t h e  i n c l i n a t i o n  a n g l e  y a r e  SAE p o s i t i v e .  
The c o n t a c t  c o o r d i n a t e s  ( 5 , ~ )  o r i g i n a t e  on t h e  c a r c a s s  e q u a t o r  
a t  t h e  p o i n t  d i r e c t l y  above t h e  l e a d i n g  edge  o f  t h e  f r e e - r o l l i n g  
c o n t a c t  a r e a .  The 5 - a x i s  r u n s  r e a r w a r d  a l o n g  t h e  c a r c a s s  e q u a t o r  
and i s  a l l o ~ ~ e d  t o deform w i t h  i t .  For  t h e  models c o n s i d e r e d  i n  
t h i s  document ,  t h e  c a r c a s s  e q u a t o r  i s  presumed f l a t  and r i g i d  i n  
t h e  c o n t a c t  r e g i o n  a l t h o u g h  a b l e  t o  t r a n s l a t e  l a t e r a l l y  and 
l o n g i t u d i n a l l y .  The c o n t a c t  c o o r d i n a t e s  will t r a n s l a t e  w i t h  t h e  
c a r c a s s ;  t h e  5 - 2  p l a n e  r e m a i n i n g  p a r a l l e l  w i t h  t h e  r o a d .  
TCe d e f o r m a t i o n  of  t h e  t r e a d  r u b b e r  w i t h  r e s p e c t  t o  t h e  t i r e  
c a r c a s s  ~ c i l l  b e  d e s c r i b e d  i n  t h e  5 , ~  c o o r d i n a t e  s y s t e m .  The 
lefornatlon of  t h e  c a r c a s s  w i t h  r e s p e c t  t o  t h e  c e n t e r  o f  t i r e  
c o n t a c t  i s  g i v e n  by t h e  r e l a t i c n s h i p  o f  t h e  c o n t a c t  c o o r d i n a t e s  
( c , 7 )  t o  t h e  t i r e  c o o r d i n a t e s  ( x , y ) .  The u s e  of  an  i n d e p e n d e n t  
c o n t a c t  c o o r d i n a t e  s y s t e m  ( 5 , ~ )  t h u s  a l l o w s  s e p a r a t i o n  o f  t h e  
i n f l u e n c e  o f  t h e  t r e a d  r u b b e r  f rom t h e  i n f l u e n c e  o f  c a r c a s s  
compl i ance  on t i r e  t r a c t i o n .  
\,c IOI. i t y v r \ c t o ~ .  V .  t r  t i  r c  l i i o t  i o n  i s  proclncccl 11)' c o n s t r ~ l i  r l  i n j j  
t h e  wheel p l a n c  t o  move a t  an  a n g l e  n t o  t h e  d i r e c t i o n  01 t r a v c l .  
The t r a v e l  v e l o c i t y  t h e n  has  two components i n  t h e  x , y  c o o r d i n a t e  
sy s t em d e f i n e d  i n  t h e  p r e v i o u s  s e c t i o n .  The l o n g i t u d i n a l  component ,  
V x = V l c o s a ,  i s  composed o f  t h e  wheel r o l l i n g  v e l o c i t y  Vr 2nd t h e  
v e l o c i t y  Y c x  p roduced  by l o n g i t u d i n a l  e l a s t i c  s l i p  and s l i d i n g  i n  
t h e  c o n t a c t  r e g i o n .  The l a t e r a l  component,  1. Y = / V j s i n n ,  is due  
e n t i r e l y  t o  l a t e r a l  e l a s t i c  s l i p  o r  s l i d i n g  and i s  g e n e r a l l y  termed 
t h e  l a t e r a l  s l i p  v e l o c i t y  V C Y . The t i r e  s l i p  v e l o c i t y  v e c t o r ,  V c  
shown i n  F i g u r e  2 ,  i s  d e f i n e d  by t h e  s l i p  v e l o c i t y  components VcX 
and V . cy 
F i g u r e  2 .  Kinemat ics  of  tire mot ion  w i t h  b r a k i n g  a p p l i e d .  
I t  i s  i m p o r t a n t  t o  d i s t i n g u i s h  between t h e  t e rms  s l i p  and 
s l i d i n g  a s  u sed  i n  t i r e  t e r m i n o l o g y .  S l i p  i s  h e r e  d e f i n e d  a s  t i r e  
mo t ion  n o t  due t o  r o l l i n g .  Trio i n d e p e n d e n t  phenomena c o n t r i b u t e  
t o  s l i p .  Pe rhaps  t h e  l e a s t - u n d e r s t o o d  ( i n  t h e  k i n e m a t i c  s e n s e )  
c o n t r i b u t i o n  i s  e l a s t i c  d e f o r m a t i o n  i n  t h e  for1:ard p a r t  of  t h e  
c o n t a c t  r e g i o n .  The t i r e  c a r c a s s  and a t t a c h e d  t r e a d  compr i s e  a 
h i g h l y  de fo rmab le  s t r u c t u r e .  As b r a k i n g  i s  a p p l i e d  t o  t h e  r o l l i n g  
t i r e ,  t h e  c o n t a c t  r e g i o n  moves r e a r ~ i a r d  and t h e  t i r e  m a t e r i a l  
e n t e r i n g  c o n t a c t  b e g i n s  t o  e l o n g a t e .  The e l o n g a t i o n  o f  t h e  
c o n t a c t i n g  m a t e r i a l  c o n t r i b u t e s  a  s l i p  s p e e d  Vcx which becomes a  
c e r t a i n  p e r c e n t a g e  o f  t h e  l o n g i t u d i n a l  v e l o c i t y  \lx. I n  t h e  f o r w a r d  
p a r t  o f  t h e  c o n t a c t  r e g i o n ,  t h e  e l a s t i c  d e f o r m a t i o n  i s  p roduced  
by t h e  t r e a d  e l e m e n t s  a d h e r i n g  t o  t h e  r o a d  s u r f a c e .  However, a  
p o i n t  i s  r e a c h e d  where  t h e  a v a i l a b l e  f r i c t i o n  f o r c e  i s  i n s u f f i c i e n t  
t o  b a l a n c e  t h e  e l a s t i c  d e f o r m a t i o n  f o r c e  and s l i d i n g  b e g i n s  con-  
t r i b u t i n g  t o  t h e  s l i p  speed  a s  t h e  e l o n g a t i o n  c o n t r i b u t i o n  i s  
r e d u c e d .  F u r e  s l i d i n g  w i t h  v e l o c i t y  V e x i s t s  a t  t h e  r e a r  of  t h e  
C X  
c o n t a c t  r e g i o n .  The c o n t a c t  d e f o r m a t i o n s  d u r i n g  b r a k i n g  a r e  c l e a r l y  
s e e n  i n  t h e  p h o t o g r a p h s  shown i n  F i g u r e s  7 . 2 . 6 0 - 6 2  o f  r e f e r e n c e  
1 2 1  
The p r e c e d i n g  d i s c u s s i o n  c o n c e r n s  s t r a i g h t  ahead  mo t ion .  I f  
t h e  t i r e  i s  moving a t  a  s l i p  a n g l e  a ,  a s  shown i n  F i g u r e  1 ,  a  
l ~ . t e r a l  co-?orient of  v e l o c i t y  a r i s e s  which i s  due p u r e l y  t o  s l i p .  
The e l a s t i c  d e f o r m a t i o n  i s  i n d i c a t e d  by t h e  p a t h  o f  t h e  t r e a d  
e q u a t o r  c o n t a c t  l i n e  shown d o t t e d  i n  F i g u r e  1. I n  t h e  a d h e s i o n  
a r e a ,  t h e  e q u a t o r  c o n t a c t  l i n e  p a r a l l e l s  t h e  d i r e c t i o n  o f  m o t i o n .  
11s s l i t l i n g  h c g i n s ,  t h e  t rc : id  cc1u:ttor h e g i n s  t o  r e t u r r i  t o  i t s  
undeformed p o s i t i o n .  The n e t  r e s u l t  o f  t h i s  unsymmetr ic  c o n t a c t  
r e g i o n  d i s t o r t i o n  i s  l a t e r a l  t i r e  mot ion  w i t h  v e l o c i t y  V c y .  
When t h e  t i r e  i s  f r e e - r o l l i n g ,  t h e  r o l l i n g  v e l o c i t y  i s  e q u a l  
t o  t h e  wheel  p l a n e  v e l o c i t y  V x .  
Vr  = v 
X 
( f r e e - r o l l i n g )  (11 
I t  i s  advan t ageous  t o  d e f i n e  an e f f e c t i v e  r o l l i n g  r a d i u s  Re  a s  
t h e  r a t i o  o f  t h e  f r e e - r o l l i n g  v e l o c i t y  t o  t h e  wheel  s p i n  v e l o c i t y  
S2. 
R V ( f r e e - r o l l i n g )  e  
Exper iments  show t h a t  t h e  e f f e c t i v e  r o l l i n g  r a d i u s  l i e s  somewhere 
between t h e  s t a t i c  l o a d e d  and un loaded  r a d i i .  With t h e  d e f i n i t i o n  
o f  e f f e c t i v e  r o l l i n g  r a d i u s ,  t h e  r o l l i n g  v e l o c i t y  f o r  a l l  b r a k i n g  
and d r i v i n g  t o r q u e  a p p l i c a t i o n s  can  be  d e t e r m i n e d  from t h e  
r e s u l t i n g  s p i n  v e l o c i t y .  
When b r a k i n g  i s  a p p l i e d ,  t h e  l o n g i t u d i n a l  v e l o c i t y  and t h e  
r o l l i n g  v e l o c i t y  a r e  r educed  by a c e r t a i n  amount e a c h  i n s t a n t  i n  
t i m e .  Due t o  e l a s t i c  d e f o r m a t i o n  and s l i d i n g  i n  t h e  c o n t a c t  
r e g i o n ,  V d e c r e a s e s  by a  l e s s e r  amount.  The d i f f e r e n c e  i s  t h e  
X 
l o n g i t u l l i n a l  s l i p  v e l o c i t y  Vcx shown i n  F i g u r e  2 a t  a  c e r t a i n  
i n s t a n t  i n  t i m e .  
If driving torque is applied, elastic deformation and sliding 
cause the rolling velocity to exceed the longitudinal velocit~~ 
and lTcx becomes negative. 
It is convenient to define a parameter s as the fraction of 
X 
longitudinal velocity which indicates the amount of braking or 
driving torque applied. 
This parameter, called the longitudinal slip parameter, may exhibit 
the following range of values. 
I = 1 locked wheel 
1 < 1 braking traction 
< 0 driving traction 
3). use of Eq-uations (4) and ( 3 ) ,  the definition of sX may be 
expressed as 
Also useful is Equation (6) obtained by eliminating Vx from 
Equations (4) and (5). 
Analogous to the longitudinal slip parameter, the lateral 
slip parameter s is defined to be 
Y 
- s = Vcy/Vx = tana 
Y 
where I' is the lateral slip velocity shown in Figure 2. Elimina- 
c Y 
ting V from Equations (4) and ( 5 ) ,  and substituting the resulting 
CX 
expression for V in Equation (7) results in the following useful 
X 
equation. 
The slip velocity magnitude Vc = ] V c  1 is computed from the 
components Vcx and V 
CY' 
Introducing Equations (6) and (8) into the above gives the slip 
velocity magnitude as a fraction of the rolling velocity. 
-4s t h e  wheel  i s  l o c k e d  ( s  1 ,  \ T r O ) ,  t h e  s l i p  v e l o c i t y  
X 
a p p r o a c h e s  t h e  t r a v e l  v e l o c i t y  and f u l l  s l i d i n g  d e v e l o p s  i n  t h e  
c o n t a c t  r e g i o n .  A t  l o c k u p :  
V = \? 
C X  X 
(from E q u a t i o n  ( 4 ) )  
17  = 1' 
c  Y 
( a lways )  
Y 
V, = V, = v 
where  VS i s  t h e  s l i d i n g  v e l o c i t y  v e c t o r .  
IIODEL DEFINITION 
The models  d e r i v e d  i n  t h i s  document r e p r e s e n t  t h e  t i r e  t r e a d  
by an a r r a y  o f  e l a s t i c  r e c t a n g u l a r  b l o c k s  a t t a c h e d  r a d i a l l y  t o  
an e l a s t i c  o r  r i g i d  r i n g .  The r i n g  r e p r e s e n t s  t h e  t i r e  c a r c a s s  
and may be  r i g i d l y  a t t a c h e d  t o  t h e  mount ing rim o r  s e p a r a t e d  from 
t h e  rim by a  s p r i n g  f o u n d a t i o n  which  p e r m i t s  l a t e r a l  and l o n g i -  
t u d i n a l  c a r c a s s  mot ion  t o  be  s i m u l a t e d .  I n  F i g u r e  3 ,  t h e  c a r c a s s  
F i g u r e  3 .  T i r e  model :  r e c t a n g u l a r  t r e a d  e l e m e n t s  
a t t a c h e d  t o  an  e l a s t i c a l l y  s u p p o r t e d  
de fo rmab le  r i n g  o f  bend ing  stiffness E I .  
1 0  
r i n g ,  which ha s  bending  s t i f f n e s s  E I ,  moves on f o u n d a t i o n  s p r i n g s  
o f  s t i f f n e s s  K x  and K . The t r e a d  b l o c k s  have i n f i n i t e s i m a l  
1.' 
volume i n  t h e  c o n t a c t  r e g i o n  b u t  undergo  f i n i t e  s h e a r  L1eformntions 
p a r a l l e l  t o  t h e  r o a d .  T h e i r  l o n g i t u d i n a l  and l a t e r a l  s t i f f n e s s e s  
a r e  kX and k V .  The s t i f f n e s s  p a r a m e t e r s  K X ,  K and k x ,  k  have 
Y ).' 
3 t h e  u n i t s  o f  f o r c e / l e n g t h  . 
The s h e a r  d e f o r m a t i o n  o f  t h e  s i n g l e  a r r a y 3  o f  t r e a d  e l e m e n t s  i s  con 
v i e n t l y  d e s c r i b e d  i n  t h e  5 , ~  c o n t a c t  c o o r d i n a t e  s y s t e m  a s  shown i n  
F i g u r e  4 .  
C o n t a c t  
E n t r y  
P o i n t  
F i g u r e  4 .  B r a k i n g / c o r n e r i n g  d e f o r m a t i o n  of  t r e a d  
e lement  a t t a c h e d  a t  B. 
In  t i m e  t ,  t h e  b a s e  p o i n t  R o f  a t r e a d  e l emen t  w i l l  move i n t o  t h e  
c o n t a c t  r e g i o n  a l o n g i t u d i n a l  d i s t a n c e  5 d e t e r m i n e d  by t h e  r o l l i n g  
v e l o c i t y  V r .  
5 Deformat ion  (and  s h e a r  s t r e s s )  i s  a v e r a g e d  a c r o s s  t h e  t i r e  t r e a d .  The 
r e s u l t i n g  k i n e m a t i c  and f o r c e  e x p r e s s i o n s  w i l l  depend o n l y  on 6. 
If there is braking, the contacting tip A,  which moves relative 
to iiith the wheel plane velocity 1 ,  will cover an additional 
distance u as indicated in Figure 4. The displacement of point Al 
from the axis n is 
Eliminating time from Equations (10) and (11) gives an expression 
for the longitudinal displacement u. 
In terms of the longitudinal slip speed given by Equation (4), 
The relative lateral velocity of contacting tip A is V . In time c >- 
t ,  this point is displaced laterally a distance v = -V t. Using CY 
Equation (10) to eliminate time gives an expression for the 
Note that u and v depend only on the contact coordinate 5 .  
The preceding analysis presumes that point A does not slide 
~kyith respect to the road surface. From experimental observation, 
the contacting tip should describe a path parallel to the ;$heel. 
traveling velocity vector V .  That it will do this is easily 
shown by writing the tangent angle of the dashed line path in 
Figure 4. 
When the tangent of the angle 8 made by AB with the carcass 
equator is written with Equations (13) and (14), 
it is seen that the deformed tread element AB in adhesion with the 
road is parallel to the slip velocity vector Vc. 
In the adhesion region, the deformations u and v are produced 
b y  static friction with a limiting coefficient po. The components 
9, and q of the static friction force required to produce these Y 
displacements depend upon the longitudinal and lateral stiffnesses 
of the element. 
9, k V Y CY S i n c e  - = k T  , t h e  s t a t i c  f r i c t i o n  f o r c e  v e c t o r  r i l l  n o t  
9, X CX 
oppose t h e  s l i p  speed  v e c t o r  Vc u n l e s s  t h e  t r e a d  e lement  
s t i f f n e s s e s  a r e  e q u a l  (kx  = k y ) .  
The r i g h t - h a n d  s i d e s  o f  E q u a t i o n s  (15)  and (16)  r e p r e s e n t  t h e  
components o f  l i n e a r  e l a s t i c  f o r c e  deve loped  i n  a  t r e a d  e l e m e n t .  
At any p o i n t  i n  t h e  a d h e s i o n  r e g i o n ,  t h e  magni tude  o f  t h e  s t a t i c  
f r i c t i o n  f o r c e  r e q u i r e d  t o  b a l a n c e  t h e  e l a s t i c  f o r c e  i s  
The ir~asimum s t a t i c  f r i c t i o n  a v a i l a b l e  from a  p a r t i c u l a r  t i r e - r o a d  
c o ~ i l b i n a t i o n  depends upon t h e  l i m i t i n g  f r i c t i o n  c o e f f i c i e n t  p 
0 
and t h e  v e r t i c a l  c o n t a c t  p r e s s u r e  d i s t r i b u t i o n  q ( 5 )  which i s  assumed 
Z 
t o  b e  un i fo rm i n  t h e  0 d i r e c t i o n .  The f r i c t i o n  f o r c e  r e q u i r e m e n t ,  
computed by E q u a t i o n  ( 1 7 ) ,  i n c r e a s e s  l i n e a r l y  a s  shown i n  F i g u r e  5 
until 
. . 
l i h - i ~ h  d e f  nes  t h e  11n~11LL, 5 ~f t h e  a d h e s i o n  r e g i o n .  The t r e a d  a '  
e l emen t  d i s p l a c e m e n t s  
Figure 5 .  Jlaximum static friction force P q, (6,) on tread 
element at C a ,  the limit of adhgslon. 
are maximum at the adhesion limit which is located by evaluating 
Equation (17) at Sa. 
Substituting (18) and (19) into (15) and (16) and the resulting 
expressions for q and q into the above, allows the adhesion limit 
X Y 
to be expressed as 
For a uniform contact pressure distribution, p = const., 
is used in Equation (20). For nonuniform contact pressures given 
by closed form expressions (such as parabolic), it may be possible 
to solve Equation (20) for 5 by rearrangement. In the case of a 
arbitrary contact pressures, iteration of Equation (20) will be 
necessary to obtain the adhesion limit 5 . a 
The preceding analysis is common to all linear element tire 
models since deformation behavior in the adhesion region is well 
known from observations of a tire rolling over a glass plate. By 
presuming linear elastic tire behavior the shear force generated at 
the road surface in the adhesion portion of the contact region can 
b e  easily computed. The situation is considerably more complicated 
in the sliding region where the sliding friction force rather than 
adhesive constraint governs the tire deformation. In the sliding 
region, one must presume a friction force and then compute the 
resulting displacements based on structure stiffnesses. This 
is directly opposite to the straightforward procedure followed 
in t4e adhesion region. The success or failure of a tire model is 
in t . i r e c t  prcoortion to skill in approximating sliding region 
Sekzx- fnr ,  
I:OliCE ANTI MOMENT IIQU,IZTT ONS 
'I'llc r idvantages o  f u s i n g  t h e  two coorcl i~l : l tc  s y s  tcms ( t  i r c  anil 
c o n t a c t )  d e s c r i b e d  e a r l i e r  will now become a p p a r e n t .  The l e n g t h  
of  t h e  c o n t a c t  r e g i o n  a s  w e l l  a s  i t s  l o c a t i o n  w i t h  r e s p e c t  t o  t h e  
' 1- t i r e  mounting rim v a r i e s  w i t h  t h e  t i r e  o p e r a t i n g  c o n d i t i o n s .  L~ 
4 . is c o n v e n i e n t  t o  d e f i n e  t h e  n o n - s i i ; ~  c o n r a c t  i c r lgz i~  I, on :hi 
c a r c a s s  e q u a t o r  t o  u h i c h  t h e  <,r, c o o r d i n a t e s  a r e  a t t a c h e d .  8y 
presuming ua i fo rm b e h a v i o r  l a t e r a l l y  ( a c r o s s  t h e  f i n i t e  c o n t a c t  
w i d t h ) ,  t h e  d i s t r i b u t e d  c o n t a c t  s h e a r  f o r c e s  qx  and q ?' a r e  de f ineC  
a s  f u n c t i o n s  o f  5 o n l y  which i s  t a k e n  a s  t h e  i ndependen t  v a r i a b l e .  
The r e s u l t a n t  t r a c t i o n  f o r c e  components ,  F, and F Y '  t r a n s m i t t e d  t o  
t h e  t i r e  mounting rim, a r e  now o b t a i n e d  v i a  t h e  f o l l o \ q i n g  i n t e g r a l s :  
where w i s  t h e  c o n t a c t  w i d t h . '  The minus s i g n s  appea r  i n  Equa t ions  
(21)  and (22 )  because  Fx and F Y ( a p p l i e d  t o  t h e  t i r e  by t h e  r o a d )  
a r e  r e f e r r e d  t o  t h e  t i r e  c o o r d i n a t e  sys t em.  
4 Thi s  i s  t h e  c o n t a c t  l e n g t h  of t h e  f r e e - r o l l i n g  t i r e  a t  z e r o  
s l i p  a n g l e .  
v 
3 The c o n t a c t  r e g i o n  i s  seldom r e c t a n g u l a r ;  L and w a r e  r e p r e s e n t a t i v e  
d imens ions .  
If the rigid carcass is elastically supported, as pr-sumed h). some 
tire models, the preceding traction forces may cause longitudinal 
and lateral translations 
which depend upon the carcass foundation stiffnesses Kx and K . 
Y 
The carcass translation for combined braking and cornering is 
shown in Figure 6. 
I Rigid Carcass 
y y 
Figure 6. Sign convention for traction forces and moment. 
Following the sign convention given in Figure 6, the aligning 
moment expression may be written 
which, with the aid of Equations (21-24), becomes 
Due to the nonuniform distribution of the shear forces a and 
'N 
q ~ '  
and the carcass translations ti and ?, the resultant traction 
forces are not necessarily colinear with the x and >I axes as s h o i i , ~  
in Figure 6. The traction forces Fx and F may be offset certain 
Y 
distances Ax and O from the wheel center as ;hewn in Figure 7 .  
Y 
Figure 7. Positive sign convention for traction force 
offsets ex and 1 . 
Y 
hloment e q u i l i b r i u m  a b o u t  t h e  c e n t e r  of  t i r e  c o n t a c t  i s  
e x p r e s s e d  by 
F o r  s t r a i g h t  ahead  o p e r a t i o n ,  F =IL,=O and no a l i g n i n g  moment i s  
? ' ,  
g e n e r a t e d .  For  f r e e - r o l l i n g  a t  a  s l i p  a n g l e ,  F = O  which r e d u c e s  
X 
t h e  moment e q u a t i o n  t o  
The l e n g t h  Bx  i s  f r e q u e n t l y  c a l l e d  t h e  "pneumat ic  t r a i l . "  I t  can 
3c ; > o s i t i v e  o r  n e g a t i v e  depending  on t h e  t i r e  o p e r a t i n g  c o n d i t i o n s .  
I n  t h e  a d h e s i o n  r e g i o n ,  5'5a, t h e  s h e a r  f o r c e s  qx and q 
Y 
a r e  c o n s i d e r e d  by a l l  t i r e  models i n  t h i s  document t o  be l i n e a r l y  
d i s t r i b u t e d  a c c o r d i n g  t o  E q u a t i o n s  (15 -16 )  d e r i v e d  e a r l i e r  
The shear forces and displacements in the sliding region, 5,; .'a9 
are approximated in a different manner by each of the follolting 
models discussed individually. 
HSRI -NBS- I [ 3 ]  
This model presumes tread eleme~~t defor~~ation irL t;*e s l-z-.:- 
region to be uniform with the magnitude atTained at ;se ;L?~--G:J,. 
limit [ = c  a ' Thus 
vhere us and vS are the displacement components in the sliding 
region. 
To sustain these displacements, the shear-stress components i; 
the sliding region are required to be qx = k u and q - k v . 
X S ?' y s 
The stress distribution over the entire contact region, sho1,cn In 
Figure 8, implies a single friction coefficient p .  This model 
considers p to be a linearly decreasing function of sliding s p e e d  
according to 
11 = p (1 - A I ' )  
0 S S 
\$-here .A is an experimentally determined speed sensitivit). 
5 
coefficient and 
F i g u r e  8 .  Deformat ion  and s t r e s s  ?resumed by HSRI-NBS-I  
mode i .  
i t  .;.~oulci he  n o t e d  t h a t  h e r e  no d i s t i n c t i o n  i s  made between s l i p  
c . ., (1 s l j 6 i n q  s p e e d  o r  s t a t i c  and dynamic f r i c t i o n .  T h i s  i s  a 
I-.ecess a ry  consecluence of  p r e s c r i b i n g  t h e  d e f o r m a t i o n  (Equa t ions  
i 2 F )  and ( 2 s ) )  beyond t h e  a d h e s i o n  l i m i t .  The a d h e s i o n  l i m i t  i s  
comnxted. by  u s i n g  u f rom E q u a t i o n  ( 3 0 )  i n s t e a d  o f  p i n  E q u a t i o n  
0 

In the lateral direction, the integration of Equation (22) gives 
If adhesion is complete, 
Adhesion will be complete for small values of Vcx and V 
CY ' 
The use of Equations (6) and (8) permits the adhesive traction forces, 
(33) and (35), to be written in the following way. 
The braking and cornering traction stiffnesses, Cs and C a ,  are 
defined for complete adhesion according to 
and. 
C a r r y i n g  o u t  t h e  r e q u i r e d  o p e r a t i o n s  on E q u a t i o n s  ( 3 6 )  and ( 3 7 )  
y i e l d s  
These  p a r a m e t e r s ,  which r e p r e s e n t  t h e  s l o p e s  o f  t h e  t r a c t i o n  f o r c e  
c u r v e s  p s . s s ing  t h r o u g h  t h e  z e r o  s l i p  p o i n t ,  a r e  e a s i l y  d e t e r m i n e d  
f rom e x p e r i m e n t a l  t i r e  d a t a .  I t  i s  c o n v e n i e n t  t o  e x p r e s s  t h e  
t r a c t i o n  f o r c e s  i n  t e rms  o f  Cs and Ca. 
The HSRI-NBS-I model presumes t h e  v e r t i c a l  c o n t a c t  p r e s s u r e  
d i s t r i b u t i o n ,  q Z ,  t o  b e  u n i f o r m  o v e r  t h e  c o n t a c t  r e g i o n .  Thus ,  
a t  t h e  a d h e s i o n  l i m i t ,  
where FZ is the tire load. The use of this assumption and 
Equations (6), ( 8 ) ,  (40), and (41) allows Equation (31) to be 
written as the adhesion fraction 
where the friction coeffficient p varies with sliding speed as 
given b y  Equation (30). 
For braking at a positive slip angle a, as illustrated in 
Figure 1, the slip parameters sx and s = tana are positive. The 
Y 
traction forces computed b y  Equations (42) and (43) will be negative 
and generally oppose the direction of travel, decelerating the 
vehicle. 
For locked wheel braking (sx=l), the adhesion fraction (45) 
vanishes and the traction forces become (on combining (45) with 
(42) and (43)) 
For straight ahead (s =0) locked wheel braking, the lateral force 
Y 
vanishes and the longitudinal force becomes simply 
During locked wheel travel, the sliding velocity equals the 
travel velocity V.  The friction coefficient, considered to vary 
with sliding velocity, is then 
The sliding region approximations made in the development of 
this model do not allow a reasonable equation for aligning moment 
to be derived by integration of Equation (25). The traction 
force calculations, (42) and ( 4 3 ) ,  however, agree well with 
experimental data. 
This model uses the limiting coefficient of static friction, 
to define the limit of the adhesion region. The limit of 
adhesion is given by Equation (20), written below in terms of the 
slip parameters s and s . 
X Y 
In the sliding region, the available friction drops to the level 
of the dynamic coefficient p which is considered to be linearly 
r e l a t e d  t o  s l i d i n g  speed  by Equa t ion  (30)  used  w i t h  t h e  
HSRI-NBS-I model .  
I n s t e a d  of p r e s c r i b i n g  t r e a d  d e f o r m a t i o n  i n  t h e  s l i d i n g  r e g i o n ,  
a s  was done i n  d e r i v i n g  t h e  HSRI-NBS-I model ,  t h e  s h e a r  s t r e s s  i n  
t h e  s l i d i n g  r e g i o n  w i l l  be r e c o g n i z e d  a s  hav ing  t h e  magni tude  pqZ 
and a  d i r e c t i o n 6  oppos ing  t h a t  of  t h e  s l i d i n g  v e l o c i t y .  The t r e a d  
d e f o r m a t i o n  i n  t h e  s l i d i n g  r e g i o n  t h e n  depends on t h e  l o n g i t u d i n a l  
and l a t e r a l  t r e a d  s t i f f n e s s e s  kx and k . 
Y 
( s l i d i n g )  
where ,  r e f e r r i n g  t o  F i g u r e  9 ,  
6 Due t o  t r e a d  p a t t e r n  and p r e f e r e n t i a l  pavement s u r f a c e  d i r e c t i o n ,  
t h e  s l i d i n g  s h e a r  f o r c e  may n o t  be d i r e c t e d  e x a c t l y  o p p o s i t e  t o  
t h e  s l i d i n g  v e l o c i t y .  T h i s  phenomenon can  be  accoun ted  f o r  by 
u s i n g  a n i s o t r o p i c  f r i c t i o n  c o e f f i c i e n t s  p x  and p a s  i s  done by 
t h e  S a k a i  model d i s c u s s e d  l a t e r .  Y 
Figure 9, Deformation and stresses in HSRI-NBS- I1 model 
with instantaneous transition. 
(full sliding, Vc=\Js) ( 5 2 )  
v 
CY qy = pqzsinO = -
5 
u q z  
For kx < k and Vcx < V 
Y CY' 
the deformation and stresses will be 
as shown in Figure 9. 
The abrupt shift from adhesion to sliding produces a displace- 
ment discontinuity at c = c  (see Fig. 9). This discontinuity is a 
unacceptable and indicates the existence of a finite transition region 
between adhesion and fully developed sliding. The accommodation of the 
transition region is a major contribution of the HSRI-NBS-I1 
model. 
In passing through the transition region, a deformed tread 
element gradually changes its length and orientation. The sllenr 
force vector similarly changes its length and orientation i n  
passing from geometrically constrained static friction to limiting 
dynamic friction generated during fully developed sliding. Finite 
transition behavior for k x  > k is illustrated in Figure 10. 
Y 
Figure 10. HSRI-NBS-I1 model with finite transition. 
4 t  the adhesion limit, 5=5,, the incipient sliding speed 
+ 
= O \<ill be assumed to oppose the direction of the maximum 
S 
static shear force poqZ(ca). During transition, the sliding speed 
builds up and tends to oppose the direction of the local dynamic 
friction force. At the transition limit, { = E , ,  sliding is fully 
,leveloped and Vs = V C .  An approximation to t h e  transition l e n g t h  
t = 5, - 5, is made in the following way. 
Triangle ACID', shown in Figure 11, is formed by translating 
the first fully sliding element CD forward in the direction of 
wheel travel until C is at C '  on the line of action of u,q,. In 
this position, it can be shown that D will be at D' on the line extend- 
ing the last adhesion element AB. The formation of triangle A C t 3 '  is 
proven by 
g ,  
Figure 11. Translation of fully sliding element CD for 
a definition of the transition region. 
showing that the interior angles at A, C '  and D' add up to 180'. 
-1 vs k  v  Angle a t  C': 180" - ( t a n  - - -1 y  a  t a n  
Us  x a  
Sum o f  a n g l e s :  180" 
The f a c t o r  A ,  which i n d i c a t e s  t h e  s e p a r a t i o n  of  t h e  v e r t i c e s  a t  
A and Dl, may b e  de t e rmined  from t h e  s l o p e  o f  s i d e  A c t .  
A f t e r  e q u a t i n g  t h e s e  e x p r e s s i o n s  and s o l v i n g  f o r  A ,  
kxUaVs - k u v  A = y s a  k - k  ( X  u v Y) a  a  
From Equa t ions  (13) and ( 1 4 ) ,  
w i t h  5, g i v e n  b y  Equa t ion  ( 2 0 ) ,  and from Equa t ions  (51) ar,d ( 5 2 ) ,  
A is found to be independent of rolling velocity Vr. 
In this expression, V = V =f(vCx)' + (Vcy)' since the translated 
S C 
element is in fully developed sliding. Referring to Figure 11, 
,he transition length is seen to be 
t = (A - l)(va cots - u ) = (A-l)ca a 
The limit of the transition region is 
3lultiplying Equation (54) for h by Equation (50) for ca  results 
in an expression for the transition limit 
1 1 d(k x V cx ) '  + (k V ) '  
5, = uqz (Ss) (l-Sx) (F + F) Y CY 
x V d ( k  s )2 + ( k s  )2 
S X X  Y Y  
which can be simplified by the use of Equations (6) and (8) to yield 
Recognizing that VS = Vc, Equation (9) can be used to write the 
sliding boundary in terms of the slip parameters. 
This expression should be compared with Equation (50) as rewritten 
below. 
A transition region must be considered only if the operating 
variables are such that Ss > 5 .  If 5, < Sa, instantaneous - 
transition from adhesion to steady-state sliding will be assumed. 
If 5 > L, the entire contact region is in adhesion and there is a - 
no difference between the HSRI-NBS-I1 and HSRI-NBS-I models. It 
is possible to find 5 > L in which case (if 5, < L )  the transition 
S - 
region extends to the end of contact and there is no fully developed 
sliding. Only for 5, < 5, < L will all three regions exist, each 
contributing to the traction forces and aligning moment. 
The transition region displacements, ut and vt, are presumed 
to be linearly decreasing during the transition from adhesion to 
fully developed sliding (Figure 12). The displacement components, 
l i n e ~ r  in 5 ,  are now written by referring to Figure 12. 
Figure 12. Linear approximation of deformation and stress 
in the transition region. 
Having prescribed the transition region displacements, the 
transition region shear stress components must be 
(transition) (62) 
These will decrease linearly to the sliding stress components 
given by Equations (52). 
The shear stress distribution over the entire contact region 
may now be assembled. If the tire operating conditions are such 











The r e s u l t a n t  t r a c t i o n  f o r c e s  a r e  o b t a i n e d  by summing t h e  
c o n t r i b u t i o n s  from each  r e g i o n ,  v i z . ,  
where ,  f o r  a  un i form c o n t a c t  p r e s s u r e  d i s t r i b u t i o n  qZ = F Z / w L ,  
The t r a c t i o n  s t i f f n e s s e s ,  Cs  and C a ,  g iven  by Equa t ions  ( 4 0 )  and 
(41)  have been used  t o  s i m p l i f y  t h e  above e x p r e s s i o n s .  The 
t r a n s i t i o n  f o r c e s  Fxt and F a r e  z e r o  i f  5 a  > 5, ( t h e n  s e t  Y t  
5 ,  = 5 , ) .  The f u l l y  deve loped  s l i d i n g  f o r c e s  FxS and F a r e  
YS 
z e r o  if t s  - > L ( t h e n  s e t  tS  = L ) .  The t r a c t i o n  f o r c e s  may be 
expressed in terms of slip parameters by using Equations ( 5 9 )  
and (60) for Es and Ea, and the following expressions 
For small values of slip, the contact will be entirely 
adhesive. In this case, 
which is the result given by the HSRI-NBS-I model. 
For locked wheel braking (sx = I), the adhesion and transition 
regions vanish. Setting Ea = 5, = 0 in Equations (66) and ( 6 7 ) ,  
the locked wheel traction forces are found to be 

as well as the shear force distribution given by Equations (63). 
The total aligning moment is given by Equation (25) as rewritten 
below. 
1j.h ere 
After performing the integrations with the assumption of a uniform 
contact pressure distribution, q z  = F Z / w L ,  t h e  contribution of 
each region to the total aligning moment is found. 
The traction stiffnesses, Cs and C a y  given by Equations (40) and 
(41) have been used to simplify the above aligning moment expressions. 
The transition region moment, Mzt, is zero if 5, 5, (then 
set 5 = E a )  The sliding moment is zero if ts > L (then set S - 
5, = L). It is possible to have E > L, in which case there is a - 
neither a sliding nor a transition region and 5, = L, indicating 
complete adhesion, should be used in evaluating Equations (72). 
The aligning moment may be expressed in terms of the slip parameters 
in the same manner as the traction forces FX and F . 
Y 
For small values of slip, the contact is entirely adhesive 
and the aligning moment is given by 
Introducing the slip parameters sx and s into Equation (72) for 
Y 
M and using Equations (68), the HSRI-NBS-I1 aligning moment for za 
entirely adhesive contact is 
For locked wheel braking (sx = I), Ss = 5, = 0 and Equation 
(71) reduces to 
Using Equations (69) and (72) written in terms of slip parameters 
results in the HSRI-NBS-I1 aligning moment for fully sliding contact. 
For the free-rolling tire at a small slip angle a ,  the 
aligning moment given by Equation (74) reduces to (with s = tanaza) 
Y 
The lateral force, in this situation, is given I)y the second of 
1:quations ( 0 8 ) .  
It is now possible to compute a definite value f o T  the free- 
rolling pneumatic trail R by substituting Equations ( 7 7 )  and (78) X 
into Equation (27). 
(free-rolling) 
The HSRI-NBS-I1 model thus predicts the free-rolling pneumatic 
trail to be one-sixth of the non-slip contact length. The lateral 
traction force resultant is located behind the wheel center as sho~in 
in Figure 13 and tends to align the wheel with the direction of 
travel. 
Figure 13. Free-rolling pneumatic trail in for linear 
tire traction models at small sl.ip angle r i .  
This result, valid for any7 free-rolling lateral motion which 
retains completely adhesive contact, is common to all models which 
treat the tire as a linearly elastic structure. 
GOODYEAR MODEL [ S ]  
This model considers the entire contact region to have the 
constant coefficient of friction po. 4 nonuniform pressure 
distribution is presumed and the adhesion limit as given by 
Equation (ZO), written below in terms of slip parameters, 
will depend on the particular pressure distribution, qz(5), assumed. 
The pressure distribution may be approximated analytically or taken 
graphically from traction test results. 
-4 technique is presented in the Goodyear paper [ S ]  for 
consolidating the traction data taken over the complete range of 
tire operating conditions. This technique utilizes the moduli of 
two vectors, F and S ,  defined below. 
7 ~ h e  requirement tanaxo isn t necessary for the derivation of 
Equation (79). 
A v e c t o r  S ,  c a l l e d  t h e  s l i p - m o d u l u s  v e c t o r ,  i s  employed t o  
d e s c r i b e  t h e  s l i p  o p e r a t i n g  c o n d i t i o n s .  Using s x  and s  a s  d e f i n e d  Y 
8 b y  E q u a t i o n s  ( 5 )  and ( 7 )  , t h e  s l i p - m o d u l u s  v e c t o r  i s  
where i ar.d j a r e  u n i t  v e c t o r s  i n  t h e  p o s i t i v e  x and y  d i r e c t i o n s ,  
r e s p e c t i v e l y .  The magni tude  o f  t h e  s l i p - m o d u l u s  v e c t o r  i s  S = 1SI. 
The s h e a r  f o r c e  d i s t r i b u t i o n  0 i s  c o n s i d e r e d  a s  a  v e c t o r  
w i t h  compclnents q and q 
X Y 
which opposes  S a s  shown i n  F i g u r e  14. 
B R A K I N G  
F i g u r e  1 4 .  Goodyear model .  De fo rma t ion  and s h e a r  f o r c e  d i s t r i b u t i o n .  
8 s  and s  a r e  d e f i n e d  d i f f e r e n t l y  i n  [ 5 ] .  
X Y 
The s h e a r  f o r c e  d i s t r i b u t i o n  i s  assumed t o  v a r y  l i n e a r l y  w i t h  
5 i n  t h e  a d h e s i o n  r e g i o n  a c c o r d i n g  t o  
In  t h e  s l i d i n g  r e g i o n ,  5 > S a ,  0 i s  assumed t o  v a r y  w i t h  t h e  
a r b i t r a r y  p r e s s u r e  d i s t r i b u t i o n  q,(E), v i z . ,  
w h i l e  m a i n t a i n i n g  t h e  d i r e c t i o n  oppos ing  t h e  s l i p - m o d u l u s  v e c t o r  s.  
Assuming t h a t  t h e  s h e a r  f o r c e  d i s t r i b u t i o n  v e c t o r  a lways  
opposes  t h e  s l i p - m o d u l u s  v e c t o r  a l l o w s  t h e  t r a c t i o n  f o r c e  v e c t o r  F 
t o  be  d e t e r m i n e d  by t h e  f o l l o w i n g  i n t e g r a t i o n  o v e r  t h e  c o n t a c t  
l e n g t h .  
The p r e c e d i n g  e q u a t i o n  e x p r e s s e s  t h e  dependence  o f  t h e  t r a c t i o n  
f o r c e  v e c t o r ,  d e f i n e d  a s  
on the slip-modulus vector S given by Equation (81). This analytical 
dependence of F upon S involves an arbitrary expression for the 
vertical contact pressure distribution q , ( c ) .  
The relationship between F and S can be determined experimentally 
by measuring longitudinal and lateral forces over a wide range of 
operating conditions. For a particular tire, this data can be 
1 consolidated into a single characteristic plot of F = ; F j  versus 




Figure 15. Consolidated traction data for a hypothetical 
tire. 
The linear region in Figure 15 indicates complete adhesion with the 
force given by the first term of Equation (82). As sliding begins 
to appear (Sa < L), the plot becomes nonlinear with the influence 
of the second term of (82). When sliding dominates (5, = O ) ,  the 
limiting traction force, FS, is attained and given by the second 
term of Equation (82). 
When enough traction data has been taken to define the 
relationship illustrated in Figure 15, a graphical construction can 
be made to determine the interaction between the longitudinal and 
lateral force components. Usually this is developed as a plot of 
Fy versus Fx at a particular slip angle as shown in Figure 16. 
DRIVING 
\& braking saturation 
1 , '  S s A 
b 
I r 1 Const ruction of tracti-on force component plot 
for slip angle a from consolidated data of 
1:igure 15. 
The c o n s t r u c t i o n  f o r  a  p a r t i c u l a r  s l i p  a n g l e  a b e g i n s  by 
d e t e r m i n i n g  t h e  s a t u r a t i o n  s l i p  v a l u e  Ss where  t h e  l i m i t i n g  t r a c t i o n  
f o r c e  Fs i s  a t t a i n e d .  For  d r i v i n g  t r a c t i o n ,  Ss i s  l a i d  o f f  on t h e  
n e g a t i v e  x - a x i s  and t h e  f o r c e  FS on t h e  p o s i t i v e  x - a x i s .  .As t h e  
o p e r a t i n g  c o n d i t i o n s  s h i f t  from d r i v i n g  t o  b r a k i n g ,  t h e  v e c t o r  S 
r o t a t e s  c l o c k w i s e  w h i l e  sweeping o u t  t h e  s t r a i g h t  l i n e  ( F i g u r e  16;. 
The t r a c t i o n  f o r c e  v e c t o r  F, always oppos ing  S ,  sweeps o u t  t h e  
d e s i r e d  p l o t  a c c o r d i n g  t o  t h e  magni tude  r e l a t i o n s h i p  g i v e n  i n  F i g u r e  
1 5 .  When Ss i s  a g a i n  r e a c h e d  (now i n  b r a k i n g ) ,  t h e  p l o t  i s  
t e r m i n a t e d .  A l i n e  of symmetry i s  found  t o  p a s s  t h r o u g h  t h e  o r i g i n  
and t h e  m i d p o i n t  o f  A B .  
As t h e  s l i p  a n g l e  a d e c r e a s e s ,  p o i n t  B d e s c r i b e s  a c i r c u l a r  
a r c  toward  t h e  x - a x i s  a s  shown i n  F i g u r e  1 7 .  P o i n t  A does  n o t  move; 
DRIVING BRAKING 
F i g u r e  1 7 .  T r a c t i o n  f o r c e  component p l o t s  a t  t h r e e  
s l i p  a n g l e s .  
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consequently, all plots will begin at the driving saturation 
point C. 
The traction equation (82) contains one unknown factor: 
the contact pressure distribution qZ(c). When sufficient experimental 
data is available to characterize traction behavior as in Figure 15, 
Equation (82), viewed as an integral equation, may be solved for 
the integral qZ (0 . This is conveniently done by a graphical 
procedure outlined in [5]. The analysis of data from several tire 
traction testing programs indicates that the pressure distribution 
determined in this manner is roughly parabolic. 
Closed form expressions for the traction force components 
Fx and F are not presented in the original publication [ 5 ] .  The 
Y 
expressions for Fx and F are obtained from Equation (82) after 
Y 
the pressure distribution qz([) is determined from the analysis of 
experimental traction data for a particular tire. 
If a uniform pressure distribution is assumed such that 
the traction equations derived from the Goodyear model are identical 
to the traction equations of the HSR1-NBS-I model with the speed 
sensitivity coefficient, As, set equal to zero. 
To investigate the influence of a nonuniform pressure 
distribution on the traction forces, the traction vector equation 
( 8 2 ) ,  derived from the Goodyear model, will be evaluated with the 
assumption of a parabolic pressure distribution, viz., 
At the adhesion limit, 5 = Ca, the contzct pressure is 
The substitution of Equation (84) into Equation (80) enables the following 
'a explicit equation for the adhesion fraction, - L , to be mitten. 
where 
is derived from the magnitude of the slip modulus vector (81). 
Equations (85) and (86) show that complete adhesion ( 5  = L) a 
exists only for s = s = 0, the straight ahead free-rolling 
X Y 
condition. Full sliding (Ca = O), however, takes place when the 
operating conditions are such that CaS = 3uoFZ which occurs before 
wheel lock. This is quite different from the behavior of the 
HSRI-NBS-I model (see Equation (45)) where full sliding takes 
place only when the wheel is locked (sx = 1) although complete 
adhesion can exist at operating conditions other than straight 
ahead free-rolling. 
Substituting (83) into the second term of (82), and integrating, 
yields the following traction force vector equation derived on 
the assumption of a parabolic pressure distribution. 
Only two ranges, adhesion plus sliding and full sliding, are 
written because complete adhesion occurs only in the special case 
of straight ahead free-rolling (sx , s = 0 )  when no traction 
Y 
forces are generated. The second expression of (87) is obtained 
by setting ca = 0 in Equation (85). 
The preceding analysis shows that the assumption of a non- 
uniform contact pressure distribution, such as parabolic, which 
vanishes at the exit point of the contact region produces the 
requirement for traction force generation to always be associated 
with a certain amount of sliding near the exit point of the contact 
region. Such a requirement does not exist in the HSRI models which, 
~cith the assumption of uniform contact pressure, permit traction 
force to 5e generzted in completely adhesive contact. 
The use of the slip modulus vector S,  given by Equation (81), 
enables the components of the traction force vector F to be written 
as follows. 
These t r a c t i o n  f o r c e  component e q u a t i o n s  s h o u l d  b e  compared w i t h  
E q u a t i o n s  ( 4 2 ) ,  ( 4 3 ) ,  ( 4 6 ) ,  and ( 4 7 )  f o r  t h e  HSRI-NBS-I model and 
w i t h  E q u a t i o n s  ( 6 4 )  and (65)  f o r  t h e  HSRI-NBS-I1 model .  Note t h a t  
t h e  f u l l  s l i d i n g  ( c a  = 0) t r a c t i o n  f o r c e s  depend on t h e  t r a c t i o n  
s t i f f n e s s e s  Cs and Ca. T h i s  b e h a v i o r  i s  a  consequence  o f  c o n s t r a i n i n g  
t h e  s h e a r  f o r c e  d i s t r i b u t i o n  t o  oppose  t h e  s l i p  modulus v e c t o r  S 
i n  t h e  s l i d i n g  r e g i o n .  
S i n c e  t h e  Goodyear model does  n o t  s e p a r a t e  t h e  t r e a d  s t i f f n e s s  
f rom t h e  c a r c a s s  s t i f f n e s s ,  t h e  a l i g n i n g  moment i s  computed f rom 
E q u a t i o n  (25)  r e w r i t t e n  below w i t h  l / K x  = l / K y  = 0. 
The s h e a r  f o r c e  components ,  o b t a i n e d  f rom t h e  f o l l o w i n g  s h e a r  f o r c e  
v e c t o r  e q u a t i o n ,  v i z . ,  
are 
(Equation (85) was used in simplifying the above expressions.) 
Since the contacting tread rubber is assumed to be linearly elastic 
(as expressed by the longitudinal and lateral stiffnesses, kx and k ) 
Y 
the displacements throughout the contact region are given by 
After substituting (92) and (93) into (90) and performing the 
integration, the aligning moment as derived with the assumption 
of a parabolic pressure distribution is found to be 
E q u a t i o n  (94)  shows t h e  moment t o  have  an i m p l i c i t  dependence  on 
t i r e  l o a d ,  FZ, t h r o u g h  t h e  a d h e s i o n  l i m i t ,  c a ,  g i v e n  by E q u a t i o n  
(85)  
S e t t i n g  5, = 0 i n  (94)  g i v e s  t h e  a l i g n i n g  moment g e n e r a t e d  
i n  f u l l y  deve loped  s l i d i n g  (which o c c u r s  b e f o r e  s x  = 1 ) .  
The v a n i s h i n g  o f  t h e  a d h e s i o n  r e g i o n  b e f o r e  wheel  l o c k ,  a  
consequence  o f  assuming a  c o n t a c t  p r e s s u r e  d i s t r i b u t i o n  which 
v a n i s h e s  a t  t h e  c o n t a c t  e n t r y  and e x i t  p o i n t s ,  r e n d e r s  t h e  
Goodyear t i r e  model i n c a p a b l e  o f  s i m u l a t i n g  l o c k e d  whee l  a l i g n i n g  
moment. A t  a p a r t i c u l a r  s l i p  a n g l e  ( s  ) i t  i s  i n c o r r e c t  t o  compute 
Y 
t h e  a l i g n i n g  moment a t  v a l u e s  o f  s x  beyond t h o s e  which c a u s e  t h e  
a d h e s i o n  l i m i t  t o  v a n i s h .  A d e r i v a t i o n  and d i s c u s s i o n  o f  t h e  uppe r  
bounds on s X  and s  imposed by t h e  a s sumpt ion  o f  p a r a b o l i c  c o n t a c t  
Y 
p r e s s u r e  i s  g i v e n  i n  Appendix 111. The uppe r  bounds a r e  found  t o  
depend on t i r e  l o a d .  
SAKAI MODEL [ 6 ]  
S e v e r a l  ma jo r  advances  i n  t r a c t i o n  f o r c e  s i m u l a t i o n  a r e  
i n c o r p o r a t e d  i n  t h i s  model .  Based on an i d e a  of  W .  Bergman [ 7 ] ,  
t h e  S a k a i  model c o n t a i n s  a  mechanism f o r  s i m u l a t i n g  t h e  i n f l u e n c e  
o f  b r a k i n g  and d r i v i n g  t r a c t i v e  f o r c e s  ( l o n g i t u d i n a l  f o r c e s )  on 
l a t e r a l  f o r c e  g e n e r a t i o n .  The a n a l y s i s ,  however ,  d i f f e r s  f rom t h a t  
L T 
of Bergman i n  t h a t  Sakai  views Bergman's " e f f e c t i v e  t r a c t i v e  
e f f o r t "  as  a c t i n g  a long t h e  d e f l e c t e d  t r e a d  s u r f a c e  ( i n  t h e  
d i r e c t i o n  of  motion f o r  d r i v i n g ,  a g a i n s t  t h e  d i r e c t i o n  o f  motion 
f o r  b r a k i n g ) .  The Bergman e f f e c t i v e  t r a c t i v e  e f f o r t  a c t s  i n  t h e  
wheel p l a n e .  
F igure  18 shows t h e  adhes ive  s h e a r  f o r c e s  assumed by Saka i  
t o  be a c t i n g  on a  t r e a d  element  d e f l e c t e d  by  b r a k i n g  a t  a  s l i p  
a n g l c  a .  T h e  Sakai  e f f e c t i v e  t r a c t i v e  e f f o r t  i s  t h e  t a n g e n t i a l  
BRAKING 
F i g u r e  1 8 .  Adhesion r e g i o n  l o n g i t u d i n a l  and l a t e r a l  
f o r c e s  a c t i n g  on t h e  Saka i  model. The 
t a n g e n t i a l  t r a c t i v e  e f f o r t  qt0 
Csrce qt g e n e r a t e d  a long  t h e  l e f l e c t e d  t r e a d  s u r f a c e  when b rak ing  
i s  a p p l i e d  t o  a  t i r e  o p e r a t i n g  a t  a  s l i p  a n g l e .  
q t  = q, s e c a  
The p h y s i c a l  Sakai  model has  t h e  t r e a d  e lements  a t t a c h e d  t o  
an e l a s t i c a l l y  suppor t ed  beam a s  shown i n  F igure  1 9 .  
L 
\ 
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Figure  1 9 .  P h y s i c a l  Sakai  model.  
deformed 
c a r c a s s  
e q u a t o r  
The e l a s t i c  beam d e f l e c t i o n  i n  t h e  c o n t a c t  r e g i o n  (0 < 5 < L )  i s  - - 
approximated by t h e  p a r a b o l i c  cu rve  
where b (length units) is the deformation constant of the elastically 
supported beam. The constant b, experimentally determined, depends 
on both the beam stiffness EI and the beam foundation modulus K . 
Y 
In the adhesion region, the tread element deformation 
expressions are given by Equations (13) and (14) written in terms 
of slip parameters by use of Equations (6) and (8). 
S 
U = 5 l - s  
X 
The stresses are linearly related to the deformations by the tread 
element stiffnesses kx and k . The lateral stress, however, is 
Y 
increased by the lateral component of the tangential tractive 
force q defined earlier. t 
As in the Goodyear model, a parabolic contact pressure 
distribution is assumed according to Equation (83), repeated below. 
The a d h e s i o n  l i m i t ,  c a ,  i s  de t e rmined  by e q u a t i n g  t h e  
r e s u l t a n t  e l a s t i c  s t r e s s  a t  t h i s  p o i n t  t o  t h e  maximum s t a t i c  
f r i c t i o n  f o r c e  u o q z ( c a ) ,  de t e rmined  from t h e  p a r a b o l i c  p r e s s u r e  
d i s t r i b u t i o n  ( 8 3 ) .  
Equa t ion  (100) and t h e  f i r s t  t e rm9 of Equa t ion  (101) a r e  used i n  
t h e  l e f t  s i d e  o f  (103) .  A f t e r  some a l g e b r a i c  m a n i p u l a t i o n ,  t h e  
adhes ion  l i m i t  i s  found t o  be  
I f  t h e  i n f l u e n c e  of F i s  n e g l e c t e d  ( r i g i d  beam t r e a d  b a s e ) ,  t h e  
Y 
a d h e s i o n  f r a c t i o n  r e d u c e s  t o  
' ~ a k a i  n e g l e c t s  t h e  l a s t  t e rm o f  (101) a s  b e i n g  s m a l l  compared w i t h  
t h e  f i r s t  term f o r  t h e  pu rpose  of  computing t h e  adhes ion  l i m i t .  
where CS and C a  are the braking and cornering stiffnesses defined 
earlier by Equations (40) and (41). Equation (105) is identical to 
Equation (85) derived with the Goodyear model. Complete adhesion 
(5, = L) occurs only for the straight ahead, free-rolling tire. 
At the adhesion limit, the static friction coefficient po 
immediately drops to p and the sliding shear stress shifts in 
direction to oppose the sliding velocity Vs. 4s shown in Figure 20, 
Vcx/VS and V /Vs are the cosine and sine of the slide angle 0 .  
c Y 
Figure 20. Sliding friction shear forces (braking). 
-. 
2)-  z_;e  of j6), ( 8 ) ,  and (9), the slide angle may be expressed in 
terms of the slip parameters sx and s . 
Y 
(sliding region, VS = 1; ) 
C 
The sliding friction p is assumed by Sakai to be slightly orthotropic 
with constant components u x  and p . In the consideration of this 
Y 
treatment of sliding friction, it should be recalled that the 
HSRI models consider the sliding friction p to be isotropic riith 
magnitude dependent on the sliding velocity VS. The Goodyear model 
considers the friction to be isotropic and constant throughout 
the contact region. 
Prescribing the stress in the sliding region to have a line 
of action different from the stress in the adhesion region leads 
to a displacement discontinuity at the adhesion limit. This was 
recognized in the HSRI-NBS-I1 model and a transition region employed 
to permit gradual shift into full sliding. The Sakai model does 
not recognize a transition region. The displacement discontinuity 
present at c a  may be computed as follolis where ul, v1 are dis- 
placements just before the adhesion limit and u2, v 2  are the 




1 l - s  5, 
X 
Just beyond the adhesion limit, 
From Figure 20 and Equation ( 8 3 ) ,  
Introducing Equations (6), (9), and (105) into the above, 
The longitudinal displacement discontinuity, Au = u2 - ul, is 
computed by subtracting Equation (106) from Equation (107). 
From (99), with nb(S) neglected, 
After the adhesion limit, 
From Figure 20 and Equation ( 8 3 ) ,  
Introducing Equations ( 6 ) ,  (9), and (105) into the above, 
The lateral displacement discontinuity, Av = v2  - v is computed 1 ' 
by subtracting Equation (108) from Equation (109). 
The displacement discontinuity vanishes at zero slip angle 
- 
(S = 0) if pX = uO. Since vx - - Py - Po in most situations, the Y 
magnitude of the discontinuity depends primarily on how much the 
stiffness ratio 
deviates from unity. Traction test results have shown the stiffness 
ratio to be approximately 4 for a bias tire and approximately 2 
for a radial tire. 
The Sakai traction forces are computed according to Equations 
(21) and (22) with the following shear force distributions. 
The d i s c o n t i n u i t y  a t  5 = 5a i n  t h e  l o n g i t u d i n a l  s h e a r  f o r c e  
d i s t r i b u t i o n ,  q x ,  v a n i s h e s  when CS = C a  and p x  = p o .  The u s e  o f  
t h e  e f f e c t i v e  t r a c t i v e  e f f o r t  c o n c e p t  p roduces  a  permanent  
d i s c o n t i n u i t y  a t  = 'a i n  t h e  l a t e r a l  s h e a r  f o r c e  d i s t r i b u t i o n .  
The beam d e f o r m a t i o n ,  v b ( < ) ,  h a s  been  n e g l e c t e d  i n  t h e  e x p r e s s i o n  
f o r  q . 
Y 
A f t e r  p e r f o r m i n g  t h e  i n t e g r a t i o n s  and i n t r o d u c i n g  t h e  t r a c t i o n  
s t i f f n e s s  p a r a m e t e r s  (CS and Ca), t h e  S a k a i  model t r a c t i o n  f o r c e s  
may be  w r i t t e n  a s  f o l l o w s  
As f o r  t h e  Goodyear  model w i t h  a  p a r a b o l i c  p r e s s u r e  d i s t r i b u t i o n ,  
o n l y  two r a n g e s ,  a d h e s i o n  p l u s  s l i d i n g  and  f u l l  s l i d i n g ,  a r e  w i t t e n  
b e c a u s e  c o m p l e t e  a d h e s i o n  i s  p o s s i b l e  o n l y  i n  t h e  s p e c i a l  c a s e  o f  
s t r a i g h t - a h e a d  f r e e - r o l l i n g  ( s x  = s = 0). U n l i k e  t h e  Goodyear 
Y 
model ,  t h e  f u l l  s l i d i n g  (Ca = 0 )  t r a c t i o n  f o r c e s  do n o t  depend on  
t h e  t r a c t i o n  s t i f f n e s s  p a r a m e t e r s .  T h i s  i s  a  c o n s e q u e n c e  o f  
a l l o w i n g  t h e  s l i d i n g  s h e a r  s t r e s s  t o  o p p o s e  t h e  s l i d i n g  v e l o c i t y  
i n s t e a d  o f  t h e  d i r e c t i o n  o f  t h e  " s l i p - m o d u l u s  v e c t o r "  employed i n  
t h e  d e f i n i t i o n  o f  t h e  Goodyear mode l .  The S a k a i  t r a c t i o n  f o r c e  
e q u a t i o n s  (111-112)  s h o u l d  b e  compared w i t h  E q u a t i o n s  ( 4 2 ) ,  (43)  , 
( 4 6 ) ,  and (47)  f o r  t h e  HSRI-NBS-I m o d e l ,  E q u a t i o n s  (64)  and  (65)  
f o r  t h e  HSRI-NBS-I1 m o d e l ,  and E q u a t i o n s  (88)  and ( 8 9 )  f o r  t h e  
Goodyear mode l .  
S i n c e  t h e  S a k a i  model p e r m i t s  t h e  r i g i d  t r e a d  b a s e  t o  t r a n s l a t e  
l a t e r a l l y  on a n  e l a s t i c  f o u n d a t i o n  o f  modulus  K t h e  a l i g n i n g  
Y '  
moment i s  computed a c c o r d i n g  t o  E q u a t i o n  ( 2 5 )  a s  r e w r i t t e n  be low 
w i t h  l / K x  = 0 .  
The shear stress distributions, q x  and q y ,  are given by Equations 
(110). For the express purpose of evaluating Equation (113), the 
following simplified set of displacement distributions, u and v, 
are assumed which ignore the longitudinal displacement u entirely 
and consider the lateral displacement v in the sliding region to 
decrease linearly to zero at the contact exit point. 
Figure 21 illustrates the tread element deformation assumed for 
the moment computation. The linearly decreasing displacement in 
the sliding region is a more realistic approximation than the 
uniform sliding region displacement assumed by the HSRI-NBS-I model 
(see Figure 8). Note also that displacement continuity is maintained 
for the moment computation although the shear stresses, qx and 
qv, still contain the discontinuity across which the traction forces 
were computed. 
Figure 21. Displacements assumed by the Sakai model 
for the computation of aligning moment. 
Denoting the adhesion region contribution to the aligning 
moment by bIT and taking the shear force and displacement distri- 
butions from (110) and (114), the first integral of (113) is 
evaluated as follows. 
After performing the integration and introducing the traction 
stiffnesses C and Ca, 
S 
Denoting the sliding region contribution to the aligning 
moment by >I", the second integral of (113) is evaluated as 
follows. 
After performing the integration, 
The aligning moment equation (113) is now 
where b2' and M" are given by Equations (115) and (116). The 
complete expression for the Sakai aligning moment is 
where the traction forces, Fx and F are given by Equations (111) 
Y' 
and (112). 
Setting Ea = 0 in Equation (117) yields the aligning moment 
generated by the Sakai model in fully developed sliding. 
Favorable experience gained during the study of the Goodvear 
and Sakai tire models, which assume a parabolic contact pressure 
distribution, has led to the incorporation of a parabolic pressure 
distribution, 9, , in a rederivation of the force and moment 
equations of the IISRI-NBS-I1 model. This modification, which 
s u b s t a n t i a l l y  changes t h e  t r a c t i o n  c h a r a c t e r i s t i c s  o b t a i n e d  from 
t h e  HSRI-NBS-I1 model w i t h  un i form c o n t a c t  p r e s s u r e ,  i s  t h e  b a s i s  
o f  t h e  HSRI-NBS-I11 t i r e  t r a c t i o n  model.  
The p a r a b o l i c  c o n t a c t  p r e s s u r e  d i s t r i b u t i o n  i s  d e f i n e d  t o  
v a n i s h  a t  t h e  e n t r y  ( 5  = 0 )  and e x i t  ( 5  = L )  p o i n t s  o f  t h e  c o n t a c t  
r e g i o n .  The p a r a b o l i c  e x p r e s s i o n ,  Equa t ion  (83) u s e d  i n  a n a l y s i s  
of t h e  Goodyear model ,  i s  
where 
i s  t h e  t i r e  l o a d .  
The a d h e s i o n  l i m i t  i s  o b t a i n e d  by s u b s t i t u t i n g  Equa t ion  (83 )  
e v a l u a t e d  a t  5 = 5,, i n t o  Equa t ion  ( 6 0 ) .  A f t e r  r e a r r a n g e m e n t ,  t h e  
r e s u l t  o b t a i n e d  i s  t h e  a d h e s i o n  f r a c t i o n  p r e v i o u s l y  d e r i v e d  f o r  
t h e  S a k a i  model 
w i t h  Cs and Ca t h e  b r a k i n g  and c o r n e r i n g  s t i f f n e s s e s  d e f i n e d  by 
Equa t ions  (40)  and ( 4 1 ) .  
The l i m i t  o f  t h e  t r a n s i t i o n  r e g i o n  i s  o b t a i n e d  by s u b s t i t u t i n g  
Equa t ion  ( 8 3 ) ,  e v a l u a t e d  a t  5  = C s ,  i n t o  E q u a t i o n  ( 5 9 ) .  A f t e r  
r e a r r a n g e m e n t ,  t h e  r e s u l t  i s  w r i t t e n  a s  t h e  t r a n s i t i o n  l i m i t  
f r a c t i o n  
I t  i s  e v i d e n t  from E q u a t i o n  (105) t h a t  comple te  a d h e s i o n  
(5,  = L )  w i l l  o c c u r  o n l y  f o r  s t r a i g h t - a h e a d  ( s  = O), f r e e -  
Y 
r o l l i n g  ( s x  = 0) t i r e  o p e r a t i o n .  As E q u a t i o n  (119)  shows t h a t  
s < L f o r  a l l  c o n d i t i o n s  o t h e r  t h a n  s t r a i g h t - a h e a d  f r e e - r o l l i n g ,  
and 5, 5 E s ,  t h e  HSRI-NBS-I11 model w i l l  a lways e x h i b i t  a  c e r t a i n  
amount o f  s l i d i n g  i n  t h e  c o n t a c t  r e g i o n .  
The t r a c t i o n  f o r c e s ,  Fx and F a r e  o b t a i n e d  by u s i n g  t h e  
Y' 
p a r a b o l i c  p r e s s u r e  d i s t r i b u t i o n  i n  e v a l u a t i n g  t h e  t e rms  o f  
Equa t ions  ( 6 4 )  and ( 6 5 ) .  The a d h e s i o n  r e g i o n  t e r m s ,  Fxa and 
F 
y a '  
a r e  unchanged a s  t h e y  do n o t  depend on t h e  t i r e  l o a d ,  FZ. 
I n  t h e  t r a n s i t i o n  r e g i o n ,  t h e  s h e a r  s t r e s s  d i s t r i b u t i o n  i s  
assumed t o  b e  p a r a b o l i c  i n  acco rdance  w i t h  t h e  v e r t i c a l  c o n t a c t  
p r e s s u r e .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  p r e s c r i b e  p a r a b o l i c  
f u n c t i o n s  f o r  t h e  d i s p l a c e m e n t s ,  u t  (5)  and v t  ( S )  i n  t h e  t r a n s i t i o n  
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R e f e r r i n g  t o  E q u a t i o n s  (105) and ( 1 1 9 ) ,  i t  i s  s e e n  t h a t  
t h e  a d h e s i o n  and t r a n s i t i o n  r e g i o n s  v a n i s h  b e f o r e  wheel  l o c k  
( s X  = 1 ) .  I f  t h e  t i r e  o p e r a t i n g  c o n d i t i o n s  a r e  such  t h a t  
5, = 0 b u t  5, > 0 ,  t h e  r e s u l t i n g  t r a c t i o n  f o r c e s ,  f rom E q u a t i o n s  
a r e  s e e n  t o  b e  e q u i v a l e n t  t o  t h e  t r a c t i o n  f o r c e  e x p r e s s i o n s  f o r  
f u l l  s l i d i n g  c o n t a c t  (5, = tS  = 0). E q u a t i o n s  (124) s h o u l d  b e  
compared w i t h  t h e  ana logous  E q u a t i o n s  (69) f o r  t h e  HSRI-NBS-I1 
model .  The l o n g i t u d i n a l  s l i p  p a r a m e t e r ,  s x ,  a p p e a r s  i n  
E q u a t i o n s  (124) b e c a u s e  f u l l  s l i d i n g  o c c u r s  b e f o r e  wheel  l o c k .  
The a l i g n i n g  moment, M Z ,  i s  o b t a i n e d  by u s i n g  t h e  p a r a b o l i c  
p r e s s u r e  d i s t r i b u t i o n  i n  e v a l u a t i n g  t h e  t e rms  o f  E q u a t i o n  ( 7 1 ) .  
The a d h e s i o n  r e g i o n  t e r m ,  ? I Z a ,  b e i n g  i n d e p e n d e n t  o f  t i r e  l o a d ,  
i s  unchanged.  
The t r a n s i t i o n  r e g i o n  t e r m ,  ? . IZt ,  i s  found  by a  r a t h e r  
l e n g t h y  i n t e g r a t i o n  
w i t h  u  = ut  and v  = vt  where  u t ,  v t  a r e  g i v e n  by E q u a t i o n s  (120)  

'a "1 )(:. - La) 
+ 2 cr - - 
This  e x p r e s s i o n  shou ld  be compared w i t h  Equat ion  ( 7 6 )  d e r i v e d  f o r  
t h e  HSRI-NBS-I1 model which employed t h e  assumption o f  uniform 
c o n t a c t  p r e s s u r e .  
The t i r e  c h a r a c t e r i z i n g  d a t a  r e q u i r e d  t o  o p e r a t e  t h e  f i v e  
t i r e  models d e s c r i b e d  i n  t h i s  document a r e  g a t h e r e d  by l a b o r a t o r y  
and o v e r - t h e - r o a d  t e s t s  o f  t h e  a c t u a l  t i r e s  t o  be  r e p r e s e n t e d  by 
t h e  models .  I t  i s  f r e q u e n t l y  n e c e s s a r J -  t o  a d j u s t  c e r t a i n  o f  the 
measured t i r e  d a t a  i n  o r d e r  t o  o b t a i n  an improved s i m u l a t i o n  o f  
t i r e  t r a c t i o n  c h a r a c t e r i s t i c s .  Th i s  p r a c t i c e ,  made n e c e s s a r y  by  
t h e  g r o s s  a p p r o x i m a t i o n s  i n h e r e n t  i n  a l l  t i r e  mode l s ,  i s  common i n  
t h e  s i m u l a t i o n  o f  complex phenomena o t h e r  t h a n  t i r e  t r a c t i o n .  The 
measurement t e c h n i q u e s  and d a t a  p r o c e s s i n g  p r o c e d u r e s  used  t o  
o b t a i n  i n p u t  d a t a  f o r  t h e  v a r i o u s  t i r e  models a r e  d i s c u s s e d  i n  t h i s  
c h a p t e r .  
S i n c e  m o s t ,  if  n o t  a l l ,  of  t h e  t i r e  d a t a  r e q u i r e d  f o r  
o p e r a t i o n  of  t h e  t i r e  t r a c t i o n  models i s  s i g n i f i c a n t l y  dependent  
on i n f l a t i o n  p r e s s u r e ,  t h e  d a t a  g a t h e r i n g  p r o c e d u r e s  must be  p e r -  
formed w i t h  t h e  a c t u a l  t i r e  a t  t h e  i n f l a t i o n  p r e s s u r e  f o r  ~ ~ h i c h  
t r a c t i o n  r e s p o n s e  s i m u l a t i o n  i s  d e s i r e d .  
F i g u r e  2 2  a r r a n g e s  t h e  c o l l e c t i o n  o f  model i n p u t  d a t a  r e q u i r e d  
t o  c h a r a c t e r i z e  an a c t u a l  t i r e  a c c o r d i n g  t o  t h e  t y p e  of  t e s t  
( s t a n d i n g  o r  r o l l i n g )  r e q u i r e d .  The a c q u i s i t i o n  o f  e ach  p i e c e  
o f  t i r e  c h a r a c t e r i z i n g  d a t a  l i s t e d  i n  F i g u r e  2 2  will be d e s c r i b e d  
i n  t h e  f o l l o w i n g  s e c t i o n s .  Data  f rom an FR70-14 r a d i a l  t i r e ,  
whose f o o t p r i n t  i s  shown i n  F i g u r e  2 3 ,  i s  u s e d  t o  i l l u s t r a t e  t h e  
a c q u i s i t i o n  p r o c e d u r e s .  
Standing Tests 
L contact patch length 
Kx longitudinal carcass spring rate 
K lateral carcass spring rate 
Y 
CS longitudinal traction stiffness 
C lateral traction stiffness 
C1 
Rolling Tests 
limiting coefficient of static 
'O friction 
As 
speed sensitivity parameter 
XI orthotropic sliding friction 
p Y  coefficients 
Figure 22. Tire and tire-road characterizing data for 
operation of tire traction models. 
STANDING TIRE TESTS 
The contact patch length and carcass spring rates are measured 
on the standing tire, statically loaded the operating value 
Fz. The HSRI Flat Bed Tire Tester [8] is used to obtain these 
measurements. 
CONTACT PATCH LENGTH L. The patch length is measured on the 
+ L ~ r e  . footgrint obtained by inking the tread with a stamp pad and 
deflecting the inked tread against a heavy sheet of graph paper. 
Figure 23 reproduces a print obtained in this manner with a 
F i g u r e  23.  I n k e d  t r e a d  f o o t p r i n t  o f  a s t a n d i n g  r a d i a l  t i r e  
FR70-14 i n f l a t e d  t o  2 4  p s i  and  s t a t i c a l l y  
l o a d e d  a t  1000  l b .  
radial tire under a vertical load FZ = 1000 lb. As the contact 
perimeter generally deviates from the rectangular one assumed by 
tire models, a mean value is estimated (by eye) such that the 
rectangular area corresponds to the actual area. 
1 : igu re  24. Variation uT contact klatch lcngt11 w i t h  vcrticul l o a d  
for a radial tire FR73-14 inflated to 24 p s i .  
8 0 
LONGITUDINAL CARCASS SPRING RATE Kx. The load-deflection 
measurements leading to the longitudinal spring rate are made with 
rhe wheel plane in the direction of flat bed travel. The deflected 
tire is locked against the flat bed table which is manually moved 
in increments of .1 inch. Longitudinal force readings are taken 
at each displacement until the tire begins to slide. The onset of 
tire sliding is evident in the representative data for a radial tire 
shown in Figure 25. The longitudinal carcass spring rate is the 
x - X - 9 0 0  lb. 
Longitudinal ------- 1600 lb. 
Force Fx (lb) 
400 t p = 24 psi 
.1 ? . L . 3  . 4  .5 
Table Travel (in) 
Figure 25. Longitudinal force (F,) versus travel of flat 
bed table supporting a radial tire at the 
indicated vertical loads. 
s l o p e  o f  t h e  l i n e a r  p o r t i o n  o f  t h e  l o n g i t u d i n a l  l o a d - d e f l e c t i o n  
p l o t .  As s e e n  i n  F i g u r e  25,  t h e  s l o p e  i s  e s s e n t i a l l y  c o n s t a n t  f o r  
t h e  900,  1100 ,  and 1600 l b .  v e r t i c a l  l o a d s .  The app rox ima te  v a l u e  
o f  Kx = 1000 l b / i n  i s  o b t a i n e d  a t  t h e s e  l o a d s .  
LATERAL CARCASS SPRING RATE K . The l a t e r a l  s p r i n g  r a t e  i s  
Y 
o b t a i n e d  from l o a d - d e f l e c t i o n  measurements made w i t h  t h e  wheel 
p l a n e  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  o f  f l a t  bed t r a v e l .  L a t e r a l  
f o r c e  measurements a r e  made a s  t h e  f l a t  bed t a b l e  i s  moved i n  s m a l l  
i nc r emen t s  u n t i l  t h e  t i r e  b e g i n s  t o  s l i d e .  The l a t e r a l  c a r c a s s  
s p r i n g  r a t e  i s  t h e  s l o p e  o f  t h e  l i n e a r  p o r t i o n  o f ' t h e  r e s u l t i n g  
l a t e r a l  l o a d - d e f l e c t i o n  p l o t .  As s e e n  i n  F i g u r e  26,  t i r e  v e r t i c a l  
l o a d  has  l i t t l e  i n f l u e n c e  on t h e  l a t e r a l  s p r i n g  r a t e  of  a  r a d i a l  
t i r e .  The v a l u e  o f  K = 500 l b / i n  i s  o b t a i n e d  f rom t h e  d a t a  shown 
Y 
i n  F i g u r e  26. 
COMMENT ON CARCASS SPRING RATES. S i n c e  t h e  ho l low c a r c a s s  
s t r u c t u r e  i s  c o n s i d e r a b l y  more compl i an t  t h a n  t h e  s o l i d  t r e a d  
s t r u c t u r e  (even w i t h  g r o o v e s ) ,  t h e  l a t e r a l  and l o n g i t u d i n a l  s p r i n g  
r a t e s  measured by t h e  p r o c e d u r e s  d e s c r i b e d  above a r e  e s s e n t i a l l y  
t h o s e  of  t h e  t i r e  c a r c a s s .  Th i s  argument would be  s u p p o r t e d  by an 
expe r imen t  (no t  y e t  pe r fo rmed)  whereby t h e  c a r c a s s  i s  r i g i d i z e d  
i n  t h e  d e f l e c t e d  p o s i t i o n  and t h e  p r o c e d u r e s  r e p e a t e d  t o  o b t a i n  
f!?e d a t a  shown i n  F i g u r e s  2 5  and 26. S u b s t a n t i a l l y  h i g h e r  s l o p e s  
\could  r e s u l t  f o r  t h e  t r e a d  s p r i n g  r a t e s  Kx and K *. R e c o g n i t i o n  
Y 
t h a t  t h e  c a r c a s s - t r e a d  combina t i on  behaves  e l a s t i c a l l y  l i k e  s p r i n g s  
*Not t o  be con fused  w i t h  kx and k  which a r e  s p r i n g  c o n s t a n t s  of  
t h e  h y p o t h e t i c a l  t r e a d  e l emen t s  uxed t o  d e r i v e  v a r i o u s  models o f  
t r a c t i o n  r e s p o n s e  c h a r a c t e r i s t i c s .  
2 4  p s i  
- 0 - 8 -  700 l b .  
- X X  900 l b .  
A 4  1100 l b .  
0 0 1 6 0 0  l b .  
T a b l e  T r a v e l  ( i n )  
F i g u r e  2 6 .  L a t e r a l  f o r c e  ( F  ) v e r s u s  t r a v e l  o f  f l a t  bed t a b l e  
s u p p o r t i n g  a r a d y a l  t i r e  a t  t h e  i n d i c a t e d  
v e r t i c a l  l o a d s .  
i n  s e r i e s  e x p l a i n s  how t h e  much s o f t e r  c a r c a s s  s p r i n g  Kx domina tes  
---%a- 
K 
x ,  Y Kx , Y  
t h e  d a t a  from t h e s e  expe r imen t s  which r e a l l y  measure  t h e  e f f e c t i v e  
s p r i n g  r a t e  of  t h e  c a r c a s s - t r e a d  combina t i on .  
ROLLING TIRE TESTS 
LONGITUDINAL TR4CTION STIFFNESS C S .  The l o n g i t u d i n a l  t r a c t i o n  
s t i f f n e s s  i s  d e f i n e d  by Equa t ion  ( 3 8 ) ,  r e p e a t e d  below.  
G r a p h i c a l l y ,  t h i s  pa r ame te r  i s  t h e  s l o p e  a t  t h e  o r i g i n  o f  t h e  
l o n g i t u d i n a l  f o r c e  (Fx) v e r s u s  l o n g i t u d i n a l  s l i p  ( sx )  d a t a  measured 
i n  s t r a i g h t - a h e a d  r o l l i n g .  F i g u r e  2 7  shows f l a t  bed Fx v e r s u s  s  
X 
d a t a  f o r  t h e  FR70-14 r a d i a l  t i r e  o p e r a t e d  a t  s e v e r a l  l o a d s .  The 
s l o p e  t h rough  t h e  o r i g i n  of  t h i s  d a t a  i s  s e e n  t o  be n e a r l y  i n d e -  
  en dent of  t i r e  l o a d .  The l o n g i t u d i n a l  t r a c t i o n  s t i f f n e s s  f o r  t h i s  
t i r e ,  d e r i v e d  f rom t h e  d a t a  shown i n  F i g u r e  2 7 ,  i s  approx imated  by 
C = 2 0 , 0 0 0  l b / u n i t  s l i p  
S 
i 
i . 2  .4 . 6  . 8  1.0 
L o n g i t u d i n a l  S l i p  (sx) 
I b .  
F i g u r e  2 7 .  L o n g i t u d i n a l  f o r c e  (Fx) v e r s u s  l o n g i t u d i n a l  s l i p  
(s ) deve loped  by  a  r a d i a l  t i r e  FR70-14 a t  t h e  
i n a i c a t e d  t i r e  l o a d s  and 2 4  p s i .  
LATERAL TRACTION STIFFNESS C,. The l a t e r a l  t r a c t i o n  
s t i f f n e s s  i s  d e f i n e d  by Equa t ion  ( 3 9 ) ,  r e p e a t e d  below. 
G r a p h i c a l l y ,  t h i s  pa r ame te r  i s  t h e  s l o p e  a t  t h e  o r i g i n  o f  t h e  
l a t e r a l  f o r c e  ( F  ) v e r s u s  s l i p  a n g l e  ( a )  d a t a  measured i n  f r e e  
Y 
r o l l i n g .  F i g u r e  28 shows a  c a r p e t  p l o t  of  f l a t  bed F  v e r s u s  a  
Y 
and t i r e  l o a d  (FZ)  d a t a  f o r  t h e  FR70-14 r a d i a l  t i r e .  I t  i s  s e e n  
t h a t  t h e  s l o p e  a t  t h e  o r i g i n  of  each  o f  t h e  c o n s t a n t  l o a d  c u r v e s  
a r e  n e a r l y  e q u a l  t o  t h e  s l o p e  a t  t h e  o r i g i n  of  t h e  FZ = 1100 l b  
cu rve  which i s  found t o  be 
COMMENT O N  TRACTION STIFFNESSES. The t r a c t i o n  s t i f f n e s s e s ,  
Cs  and Ca a r e  measures  o f  t h e  t r a c t i o n  f o r c e  g e n e r a t i n g  a b i l i t y  
of  a  t i r e  o p e r a t e d  a t  s m a l l  v a l u e s  of  sx and s ( a ) .  Al though 
Y 
s t r i c t l y  v a l i d  o n l y  f o r  t r a c t i o n  f o r c e s  which respond  l i n e a r l y  t o  
t h e  o p e r a t i n g  v a r i a b l e s  s x  and a ,  i . e . ,  
and 
t h e  r ange  of  a p p l i c a t i o n  i s  ex t ended  by t h e  s t r u c t u r e  o f  t h e  
s e m i - e m p i r i c a l  t i r e  model. Thus t h e  t r a c t i o n  s t i f f n e s s e s  a r e  
employed i n  e q u a t i o n s  of  t h e  form 
F i g u r e  2 8 .  L a t e r a l  f o r c e  ( F  ) v e r s u s  s l i p  a n g l e  and v e r t i c a l  l o a d .  
R a d i a l  t i r e  ~ ~ 7 0 Y 1 4  a t  2 4  psi. 
8 7 
which simulate the nonlinear response of F to sx and the influence 
X 
of sx on the generation of lateral force F . The simulation is 
Y 
better at small values of sx and s for which the rolling tire 
Y 
contact is mainly adhesive. 
If the traction forces could be generated with completely 
adhesive contact, it would follow that Cs and CU would be inde- 
pendent of tire-road friction properties and be measures solely 
of the influence of tire structure on traction force generation. 
Over-the-road experimental evidence, however, indicates that the 
traction stiffnesses do depend on road surface and contact 
contamination as well as tire load and velocity. Such dependencies 
are produced by a certain amount of sliding in the contact region. 
Observing that wer-the-road traction stiffnesses are 
generally somewhat less than flat bed traction stiffnesses, the 
values of 
~ i h i c ; ~  are 20% less than the flat bed stiffnesses found for the FR70-14 
radial tire are taken as tire characterizing data for model 
comparison purposes. 
TIRE-ROAD FRICTION PARAMETERS ", AS, ux, p . The study of 
Y 
tire-road friction characteristics has not progressed to the stage 
where it is possible to define a procedure for determining the 
10 
values of the friction characterizing parameters appearing in 
Equation (30)' repeated below. 
The current practice is to set the limiting static friction coefficient, 
lio at some nominal value which will produce realistic peak traction 
forces Fx and F . The speed sensitivity factor, As, is then adjusted 
Y 
for optimum simulation of traction data at higher values of sx 
and s (simulation when the sliding region becomes significant). 
Y 
As both po and As influence the location of the adhesion limit, 
'a1 and consequently the magnitude of peak Fx and F some Y' 
iteration (a new adjustment of po and then of may be necessary 
to set both parameters for optimum simulation of the complete 
traction force curves. 
'O~he optimum form of the friction characterizing function (30) has 
not yet been determined. As explained in Reference [9], the 
assumption of a linear relationship (30) between friction and slip 
speed is largely pragmatic; being made in the absence of experi- 
mental data which ~ ~ o u l d  more closely define this very important 
relationship. It is believed that the linear approximation agrees 
sufficiently well with the qualitative aspects of experimental 
findings to justify its current adoption. 
The o r t h o t r o p i c  s l i d i n g  f r i c t i o n  c o e f f i c i e n t s ,  px  and p y ,  
employed by t h e  Saka i  model, r e f l e c t  speed  s e n s i t i v i t y  by  t a k i n g  
a  s l i g h t l y  lower  v a l u e  t h a n  t h e  l i m i t i n g  c o e f f i c i e n t  of  s t a t i c  
f r i c t i o n  p o .  
The f o l l o w i n g  v a l u e s  o f  p o ,  A S ,  p X  and p were used i n  
Y 
produc ing  t h e  model comparisons  d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .  
= 1 . 0  
As = 0 . 0 0 3 5  
- 
lix - Py = 0 . 9  ( i s o t r o p i c  s l i d i n g  f r i c t i o n )  
MODEL RESPONSE COMPARISONS 
The tire model responses for the following comparisons were 
all calculated with FR70-14 radial tire characterizing data 
derived by the procedures discussed in the preceding chapter. The 
following model input data values were used. 
L = 7.5 inches (contact length) 
Kx = 1000 lb/in (carcass spring rates) 
K = 500 lb/in 
Y 
C = 16,000 lb/unit slip 
S (traction stiffnesses) 
C = 8,000 lb/radian a 
Po = 1.0 (static friction coefficient) 
A = 0.0035 
S 
(speed sensitivity factor) 
- 
x P~ = 0,9 (isotropic sliding friction) 
The tire load was set at FZ = 1000 lb and the traveling velocity 
at V = 25 ft/sec. 
The tire models were operated over a range of sx and s values 
Y 
covering driving and braking at slip angles varying from zero to 
16 degrees. The computer-drawn plots in the following figures 
illustrate traction force and moment response as a continuous 
function of longitudinal slip, sx. Each curve is calculated for 
the indicated slip angle a (s = tana). 
Y 
The MSRI tire models which assume uniform contact pressure 
do not show loss of adhesion until the wheel is locked (sx = 1) 
or the slip angle is 90 degrees. The Goodyear and Sakai models, 
which assume parabolic contact pressure, show loss of adhesion at 
rather low values of longitudinal slip. This behavior is analyzed 
in Appendix I11 where upper bounds are derived for the slip 
parameter values which produce a finite adhesion region. With the 
assumption of a contact pressure distribution which vanishes at 
the entry and exit points, the upper bound on sx, i.e., the value 
of sx when adhesion is lost, depends on the slip angle a (s ) .  
Y 
For the parabolic contact pressure distribution, the upper bound 
on s is calculated with Equation (111-16) derived in Appendix 111. 
X 
Table 1 lists the upper bounds on sx calculated for the FR70-14 
radial tire characterizing data used in the model response 





Lateral Slip Upper 
Parameter Bound 
s =tana s 
Y X 
- -- - 
operated with retention of an adhesion region is approximately 
a = 20 degrees. 
The dashed  l i n e s  on t h e  f o l l o w i n g  Goodyear and S a k a i  t r a c t i o n  
f o r c e  and moment p l o t s  c o n n e c t  l o s s  of a d h e s i o n  p o i n t s .  The model 
r e s p o n s e  p l o t s  have  been  drawn f o r  h i g h e r  v a l u e s  of s x  a l t h o u g h  i t  
i s  emphasized t h a t  t h e  models have l i m i t e d  c a p a b i l i t y  f o r  s i m u l a t i n g  
f u l l  s l i d i n g  b e h a v i o r  a s  a  f u n c t i o n  o f  l o n g i t u d i n a l  s l i p ,  s x .  To 
c i t e  an  example ,  t h e  Goodyear t r a c t i o n  f o r c e  p l o t s  ( F i g s .  2 9 2 ,  
30c) a p p e a r  t o  show a  smooth t r a n s i t i o n  from a d h e s i o n  t o  f u l l  
s l i d i n g ,  however ,  t h e  Goodyear moment r e s p o n s e  ( F i g .  33c) becomes 
u n s t a b l e  when l o s s  of  a d h e s i o n  o c c u r s .  
TRACTION FORCE COMPARISONS 
LONGITUDINAL TRACTION FORCE.  F i g u r e  29 p r e s e n t s  t h e  l o n g i -  
t u d i n a l  t r a c t i o n  f o r c e  r e s p o n s e  o f  f o u r  models  o p e r a t e d  a t  f i v e  
s l i p  a n g l e s .  The HSRI-NBS-I and I 1  models assume a  un i fo rm c o n t a c t  
p r e s s u r e  and t h u s  c a r r y  t h e  s i m u l a t i o n  o u t  t o  t h e  l o c k e d  wheel  
c o n d i t i o n  ( s x  = 1 ) .  The a s sumpt ion  o f  a  t i r e - r o a d  f r i c t i o n  
c o e f f i c i e n t  which d e c r e a s e s  w i t h  i n c r e a s i n g  s l i p  s p e e d ,  E q u a t i o n  
( 3 0 ) ,  p e r m i t s  t h e  HSRI-NBS-I and I 1  models t o  show d e c r e a s i n g  
l o n g i t u d i n a l  t r a c t i o n  f o r c e ,  Fx, a f t e r  t h e  peak  i s  r e a c h e d .  T h i s  
b e h a v i o r  i s  e v i d e n t  i n  t h e  f o r c e  c u r v e s  a t  0 ,  4 ,  and 8 d e g r e e s  s l i p  
a n g l e  ( F i g .  2 9 a , b ) .  The d e c r e a s e  i n  Fx a t  lower  v a l u e s  o f  t h e  s l i p  
a n g l e  i s  con f i rmed  by e x p e r i m e n t a l  e v i d e n c e  [ lOl l ' .  The Goodyear 
and Saka i  mode l s ,  which assume p a r a b o l i c  p r e s s u r e ,  appea r  t o  show 
a  s l i g h t  peak  i n  Fx a t  t h e  z e r o  d e g r e e  s l i p  a n g l e  ( F i g .  29c,  d )  
b e f o r e  a d h e s i o n  i s  l o s t .  
l l ~ h e  q u a n t i t a t i v e  match ing  o f  model r e s p o n s e  t o  t h e  r e f e r e n c e d  
e x p e r i m e n t a l  d a t a  [ l o ]  ha s  n o t  y e t  been a t t e m p t e d .  A q u a n t i t a t i v e  
v a l i d a t i o n  s t u d y  i s  p l a n n e d .  
Longitudinal Slip sx 
- 8  
0 6 
Loss of adhesion 
. 2  
* 
3 't -6 ~8 I. 
Longitudinal Slip sx 
Longitudinal Slip sx Longitudinal Slip sx 
I:igur-e 29. Comparison of longitudinal force (F / F  ) versus 
longitudinal slip ( s  ) rcsponse of feu$ tire traction 
rnodcls operated at tfie indicated s l i p  angles. Radia l  
tire I:R70-14 data input. 
Figure 30 compares the straight-ahead longitudinal traction 
force response of the five models analyzed in this document. The 
transition region apparently has little effect on straight-ahead 
longitudinal force generation as the HSRI-NBS-I and I1 models 
produce nearly the same curve. The HSRI models which assume a 
frictioncoefficient decreasing with slip speed, show Fx decreasing 
slightly as sx increases after the peak while the Goodyear and 
Sakai models, which assume constant friction, show flat responses 
after the peak. 
LATERAL TRACTION FORCE. Figure 31 presents the lateral 
traction force versus longitudinal slip response of four models 
operated at four slip agles. The lateral traction force curves 
from the HSRI-NBS-I and 11, and the Goodyear models (Fig. 31a, b y  
c) all show peak lateral force at nearly zero longitudinal slip. 
The Sakai model (Fig, 31d) shows the lateral force peaks at 
noticeably higher values of longitudinal slip (s). The lateral 
force response of the Sakai model is qualitatively closer to 
experimental data which generally show peak lateral force tending 
to appear at smaller values of sx as slip angle increases. The 
improved lateral force response of the Sakai model is attributed to 
the unique mechanism which this model contains for simulating the 
interaction of longitudinal force with the development of lateral 
force in the adhesion region. 
Conji t d i n d  
Force (ib) 
Figure 30. Comparison of the straight-ahead longitudinal 
force response of the five models analyzed 
in this document. 
(a) HSRI-NBS-I 
Longitudinal Slip sx Longitudinal Slip sx 
s s  of adhesion 
I\ \ \ (dl Sakai 
Longitudinal Slip sx Longitudinal Slip sx 
Figure 31. Comparison of lateral force (F /FZ) versus longitudinal 
slip (s ) response of four tirg traction models operated 
at the fndicated slip angles. Radial tire FR70-14 
data input. 
The model compar i sons  of f r e e - r o l l i n g  l a t e r a l  f o r c e  r e s p o n s e ,  
F i g u r e  32, show t h e  HSRI-NBS-I11 model p r o d u c i n g  t h e  same c u r v e  a s  
t h e  Goodyear model and n e a r l y  t h e  same c u r v e  ( a t  s m a l l e r  s l i p  a n g l e s )  
a s  t h e  S a k a i  model .  These models assume a  p a r a b o l i c  c o n t a c t  
p r e s s u r e  d i s t r i b u t i o n .  The HSRI-NBS-I and I 1  mode l s ,  which assume 
a  un i fo rm c o n t a c t  p r e s s u r e  d i s t r i b u t i o n ,  p roduce  a  d i f f e r e n t  c u r v e .  
The a d h e s i o n  r e g i o n ,  which d e c r e a s e s  w i t h  s l i p  a n g l e ,  i s  p r e s e n t  
a t  a = 16  d e g r e e s  and c o n t r i b u t e d  t o  t h e  l a t e r a l  f o r c e  c u r v e s  
shown i n  F i g u r e  32.  
F i g u r e s  33  and 34 compare t h e  s i m u l a t i o n  o f  t h e  i n t e r a c t i o n  
o f  l o n g i t u d i n a l  f o r c e  w i t h  l a t e r a l  f o r c e .  The HSRI-NBS-I and I 1  
models ( F i g .  33) p roduce  n e a r l y  i d e n t i c a l  p l o t s .  These  HSRI models 
d i f f e r  ma in ly  i n  t h e  t r e a t m e n t  of  t h e  t r a n s i t i o n  from a d h e s i o n  t o  
f u l l  s l i d i n g .  L i t t l e  t r a c t i o n  f o r c e  i s  a p p a r e n t l y  g e n e r a t e d  i n  
t h e  t r a n s i t i o n  r e g i o n  f o r  t h e  o p e r a t i n g  c o n d i t i o n s  which produced  
t h e s e  p l o t s .  S u b s t a n t i a l  d i f f e r e n c e s  a r e  s e e n  i n  t h e  p l o t s  f rom 
t h e  Goodyear and S a k a i  mode ls .  These  d i f f e r e n c e s  a r e  a g a i n  
a t t r i b u t e d  t o  t h e  Fx-F i n t e r a c t i o n  mechanism i n c o r p o r a t e d  i n  t h e  
Y 
S a k a i  model .  The compar i son  of t h e  Goodyear p l o t ,  F i g u r e  34a ,  w i t h  
t h e  HSRI-NBS-I p l o t ,  F i g u r e  33a ,  i n d i c a t e s  t h e  e f f e c t  o f  p a r a b o l i c  
c o n t a c t  p r e s s u r e  v i s  2 v i s  t h e  e f f e c t  o f  un i fo rm c o n t a c t  p r e s s u r e .  
Figure 32. Comparison of the free-rolling lateral force 
response of the five models analyzed in 
this document. 
( a )  H S R I - N B S -  I 
' I  . (b) HSRI-NBS-I1 
Figure 33. The interaction of longitudinal force ( F x / F Z )  with 
lateral force (F /F ) generated at the indicated 
slip angles. ~ a 8 i a f  tire FR70-14 data input to 
two tire traction models which assume uniform 
contact pressure. 
Figure 34. The interaction of longitudinal force (F /F ) with 
lateral force (F /F ) generated at the ifidigated 
slip angles. ~a8iaf tire FR70-14 data input to 
tire traction models which assume a parabolic 
distribution of contact pressure. 
F i g u r e  34 ( c )  . HSRI-NBS- I11  
The i n t e r a c t i o n  of  l o n g i t u d i n a l  f o r c e  (Fx/FZ) w i t h  l a t e r a l  
f o r c e  (F /FZ) g e n e r a t e d  a t  t h e  i n d i c a t e d  s l i p  a n g l e s .  R a d i a l  
Y 
t i r e  FR70-14 d a t a  i n p u t  t o  t h e  HSRI-NBS-I11 t i r e  t r a c t i o n  
model which assumes a  p a r a b o l i c  d i s t r i b u t i o n  o f  c o n t a c t  
p r e s s u r e .  
ALIGNING MOMENT COMPARISONS 
A more s t r i n g e n t  t e s t  ( t h a n  t r a c t i o n  f o r c e  r e s p o n s e )  o f  t i r e  
model r e a l i s m  i s  t h e  c a p a b i l i t y  f o r  s i m u l a t i n g  a l i g n i n g  moment. 
Examina t ion  o f  F i g u r e  35,  comparing t h e  a l i g n i n g  moment r e s p o n s e  
o f  t h r e e  t i r e  mode l s ,  r e v e a l s  ma jo r  d i f f e r e n c e s  i n  t h e  s i m u l a t i o n s ,  
Whereas t h e  t r a c t i o n  f o r c e  s i m u l a t i o n s  comyared i n  l i g u ~ e s  2 9  and 
31 a r e  o f  e s s e n t i a l l y  t h e  same form and magn i tude ,  t h e  magni tude  
a s  w e l l  a s  t h e  form o f  t h e  a l i g n i n g  moment r e s p o n s e  p l o t s  show 
c o n s i d e r a b l e  v a r i a t i o n .  The Goodyear a l i g n i n g  moment r e s p o n s e  
( F i g .  35c)  ha s  v e r y  low magni tude  and i s  u n s t a b l e  a f t e r  l o s s  o f  
a d h e s i o n .  The Goodyear moment r e s p o n s e  when a d h e s i o n  i s  p r e s e n t  
i s  shown on a n  expanded s c a l e  i n  F i g u r e  35d.  
F i g u r e  3 6 ,  comparing t h e  f r e e - r o l l i n g  a l i g n i n g  moment r e s p o n s e  
o f  t h e  f o u r  models f o r  which a l i g n i n g  moment e q u a t i o n s  were  d e r i v e d ,  
shows t h e  v a r i a t i o n  between t h e  models .  The e x c e e d i n g l y  low 
a m p l i t u d e  o f  t h e  Goodyear moment r e s p o n s e  may be  a t t r i b u t e d  t o  
l a c k  o f  c a r c a s s  f l e x i b i l i t y .  The o t h e r  t h r e e  models p l o t t e d  u t i l i z e  
t h e  c a r c a s s  s p r i n g  r a t e s  Kx  and K . 
Y 
F i g u r e  37 i l l u s t r a t e s  t h e  i n f l u e n c e  o f  c a r c a s s  f l e x i b i l i t y  
on a l i g n i n g  moment s i m u l a t i o n .  I t  a p p e a r s  t h a t  c a r c a s s  f l e x i b l i t y ,  
d e s c r i b e d  by t h e  s p r i n g  r a t e s  Kx and K i s  e s s e n t i a l  f o r  t h e  
Y' 
magni tude  o f  t h e  a l i g n i n g  moment s i m u l a t i o n  t o  app roach  a  r e a l i s t i c  
v a l u e .  The l a c k  o f  c a r c a s s  f l e x i b i l i t y  i n  t h e  Goodyear model 
p a r t i a l l y  e x p l a i n s  t h e  low magni tude  o f  t h e  a l i g n i n g  moment r e s p o n s e .  
The c a r c a s s  s p r i n g  r a t e s  Kx and K inasmuch a s  t h e y  a r e  a s s o c i a t e d  
Y '  
w i t h  un i fo rm c a r c a s s  t r a n s l a t i o n s , d o  n o t  i n f l u e n c e  t h e  g e n e r a t i o n  
of  t r a c t i o n  f o r c e  (Fx and F ) .  
Y 
- I .  , Mz 
m i n - l b  
( a )  HSRI-NBS-I1 
-- I 
82 , 'f , 6  
, 
1 f I ,  
L o n g i t u d i n a l  S l i p  sx  
M 
i n - l b  
0 8  , 
u d i n a l  S l i p  sx 
(d)  Goodyear (expanded 
12 
s c a l e )  
F i g u r e  35.  Comparison o f  a l i g n i n g  momend (MZ) versus  l o n g i t u d i n a l  s l i p  
I sx )  r e s p o n s e  o f  t h r e e  t i r e  t r a c t i o n  models o p e r a t e d  a t  
t h e  i n d i c a t e d  s l i p  a n g l e s .  Rad ia l  t i r e  FR70-14 d a t a  i n p u t .  
Aligning Moment 
(in- lb) 
Slip Angle (deg) 
Figure 36. Comparison of the free-rolling aligning moment 
response from four traction models. 
Figure 37. Comparison of the interaction of longitudinal lorcc 1 
with aligning moment (M ) generated at the indicated 
slip angles using HSRI-RBS-11 model with and w-ithout 
a tread base sprlng foundation. 
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SYMBOLS AND TERMINOLOGY 
speed sensitivity factor 
braking/driving traction stiffness 
cornering traction stiffness 
aligning traction stiffness 
tread base bending stiffness 
Traction force vector 
traction force saturation magnitude 
longitudinal tire traction force 
F xa adhesion region contribution 
Fxt transition region contribution 
F sliding region contribution 
XS 
lateral tire traction force 




transition region contribution 
F sliding region contribution 
YS 
tire load 
unit vectors in x and y directions 
longitudinal and lateral carcass stiffnesses 
longitudinal and lateral tread element stiffnesses 
contact patch length (standing tire) 
longitudinal a n d  latcral traction force o f i s c t s  
aligning moment 
Mza adhesion region contribution 
MZ t transition region contribution 
MZs sliding region contribution 
magnitude of shear force distribution vector 
tangential tractive force (Sakai) 
components of the shear force distribution vector 
contact pressure distribution 
effective rolling radius 
slip modulus vector (Goodyear) 
slip modulus magnitude at traction force saturation 
longitudinal and lateral slip parameters 
time, transition region length 
longitudinal and lateral tread element displacements 
uniform longitudinal and lateral carcass translations 
tread element displacements at the adhesion limit ( a  
tread element displacements at the transition limit tS 
nonuniform displacements within the transition region 
traveling velocity vector 
components of the traveling velocity vector 
slip velocity vector 
components of the slip velocity vector 
rolling velocity 
sliding velocity vector 





parameter used in defining the transition region 
sliding friction coefficient 
limiting coefficient of static friction 
orthotropic sliding friction coefficients 
contact coordinates 
limit of the adhesion region 
limit of the transition region 
shear force distribution vector 
rotational velocity of the wheel about the axle 
APPENDIX I 
MODEL KESUMES 
The following five models were selected for analysis in this 
document because of their ability to simulate tire traction forces 
and moment in response to both lateral and longitudinal slip.* 
The salient features of each model are summarized in the f o ? l o \ i i i l g  
resumes. 
MODEL RESUME 
HSRI-NBS-I [3] Elastic tread blocks on rigid wheel, uniform 
contact pressure, uniform deformation in 
sliding region, tire-road friction decreasing 
linearly with slip speed. Aligning moment 
not simulated. 
HSRI -NBS- I I [4] Elastic tread blocks on foundation allowed to 
translate uniformly, finite transition between 
adhesion and fully developed sliding, uniform 
contact pressure, distinction between static 
and dynamic friction which decreases linearly 
with slip speed. 
Goodyear [5] 
Sakai [6] 
Elastic tread blocks on rigid wheel, parabolic 
or experimentally determined contact pressure, 
deformation in sliding region decreases with 
shear force, constant friction. Deformation 
discontinuity avoided by assuming sliding shear 
force to act in same direction as shear force 
in the adhesion region. 
Elastic tread blocks on flexible elastically- 
supported beam carcass (subsequently reduced to 
rigid beam with uniform translation) with an 
artificial mechanism connecting longitudinal 
stiffness with lateral stiffness (but not 
vice-versa), parabolic contact pressure, 
distinction between static and sliding friction 
which is considered to be orthotropic. Pre- 
scribed stress in sliding region produces a 
displacement discontinuity for unequal longi- 
tudinal and lateral traction stiffnesses. 
Traction forces and moment computed by integrating 
*The "classical" string and beam models treat the tire as free- 
rolling and are thus excluded. 
across a stress discontinuity which is more 
severe for bias tires than for radial tires. 
Parabolic contact pressure, otherwise identical 
to HSRI-NBS-I1 model. 
APPENDIX 11 
SUMMARY OF FORMULAS 
The adhesion limit equations and the traction force and 
moment equations associated with the five models are collected in 
this appendix. The digital computer programs listed in Appendix 
IV evaluate the force and moment equations as written here in terms 
of the slip parameters sx and s 
Y' 




> L 'a - complete adhesion 
0 < 5, < L adhesion and sliding 
5, = 0 complete sliding (only at wheel lock) 
T r a c t i o n  Forces 






> L 'a - complete adhesion 
> L adhesion and transition La < 5, - 
'a < 5, < L adhesion and transition and sliding 
< 5, < L adhesion and sliding 's - 




F = -flz x 
X S  
's 
(In- (1 - 




F M are terms contributed by the adhesion region Fxa3 yay za 
which exists when 0 < 5 < L. a - 
F Fxt' yt' MZt are terms contributed by the transition region 
which exists when 0 < <a < is - < L. 
F F M are terms contributed by the sliding region 
XS' ys' zs 
which exists when 5,) 5, < L. 
GOODYEAR MODEL [ 5 ]  
Adhesion Limit (for parabolic contact pressure) 
Traction Modes 
O < C , ' L  
'a = 0 
Traction Forces 
adhesion and sliding 
complete sliding (occurs before wheel lock) 
Aligning Moment 




adhesion and sliding 
complete sliding (occurs before wheel lock) 
Aligning Moment 
L 




z X Y 




.P = po(l - A&] ; vs - x Y I V I  cosa 
Traction Modes 
'a ' 's < L adhesion and transition and sliding 
cs 1 'a < L adhesion and sliding 




F = - C  -iY- (r) 
Ya a l - s  X 
s 'a ' s  'a 'a 
F ; - [ L C  - iY -  ( 3  - 2 r -  r)r/(l 
~t 3 a l - s x  
A l i e n i n g  Moment 
where 
d F M a r e  t e rms  c o n t r i b u t e d  by t h e  a d h e s i o n  r e g i o n  
- x a '  y a '  za  
which  e x i s t s  when 0 < 5, < I.,. 
F x t '  Fyt '  M Z t  a r e  t e rms  c o n t r i b u t e d  by t h e  t r a n s i t i o n  r e g i o n  
which  e x i s t s  when 0 < E a  < 5, < L .  
F  F M a r e  t e r m s  c o n t r i b u t e d  by t h e  s l i d i n g  r e g i o n  x s '  y s 9  z s  
which a lways  e x i s t s  when a  p a r a b o l i c  p r e s s u r e  d i s t r i b u t i o n  
i s  p resumed.  1 2 4  
It is interesting to note that all of the expressions 
summarized in this appendix can be normalized (dimensionless) with 
respect to FZ and L by the following substitutions. 
Therefore, 
This procedure is particularly useful in computer implementation 
of the models as explained in Appendix IV. 
APPENDIX 111 
LOCI OF ADHESION LIMIT POINTS 
The adhesion limit point, 5 = Ea, depends upon the contact 
pressure distribution qZ([) as well as the slip parameters sx and 
s . The shape of the contact pressure distribution produces certain 
Y 
values (upper bounds) of the slip parameters which initiate full sliding 
w 
operation of the linear tire models* discussed in this document. 
The upper bounds on the slip parameters are determined by considering 
the loci of the adhesion limit points for the pressure distribution 
function assumed. Two contact pressure distributions, uniform 
and parabolic, will be analyzed in this appendix. 
UNIFORhI CONTACT PRESSURE q, = F ~ / H L  
Equation (20), solved for the adhesion limit in terms of 
slip parameters and traction stiffnesses, becomes 
The tread element deformation, ua and va, at the adhesion limit, 
are given by Equations (18) and (19) written in terms of slip 
parameters. 
*The term 'linear tire model' is applied to those models which 
consider contact shear stress as a linear function of shear 
deformation. 
1 7 6  
Equa t ion  (111-1)  may be s o l v e d  f o r  s  and u sed  t o  e l i m i n a t e  s  Y Y 
from ( 1 1 1 - 3 ) .  The r e s u l t  e x p r e s s e s  va i n  t e rms  o f  s  and C a .  X 
The c o o r d i n a t e s ,  ua and v a ,  o f  t h e  a d h e s i o n  l i m i t  p o i n t ,  A ( F i g .  
111-I) ,  have now been  w r i t t e n  i n d e p e n d e n t  o f  s  . The l o c u s  o f  t h e  
Y 
a d h e s i o n  l i m i t  p o i n t s ,  a s  t h e  a d h e s i o n  l i m i t  moves back from t h e  
c o n t a c t  e n t r y  p o i n t ,  i s  g i v e n  by 
F i g u r e  111-1 .  C o o r d i n a t e s  of  t h e  a d h e s i o n  l i m i t  p o i n t  A . 
For  a n a l y z i n g  t h e  l o c u s  o f  p o i n t s  A ,  i t  i s  c o n v e n i e n t  t o  d e f i n e  a 
new i n d e p e n d e n t  v a r i a b l e  5 s u c h  t h a t  
The l o c u s  o f  a d h e s i o n  l i m i t  p o i n t s ,  f o r  u n i f o r m  c o n t a c t  p r e s s u r e ,  
may now be  w r i t t e n  a s  
The u n i f o r m  p r e s s u r e  l o c u s  (111-6) i s  f ound  t o  b e  e l l i p t i c a l  w i t h  
l a t e r a l  s e m i - a x i s  i n d e p e n d e n t  o f  s x .  The e l l i p t i c a l  l o c u s ,  which 
o c c u r s  f o r  s  < 1, i s  shown a s  a  da shed  l i n e  i n  F i g u r e  111-2. 
X 
F i g u r e  111-2. Loc i  o f  a d h e s i o n  l i m i t  p o i n t s  (A)  
f o r  u n i f o r m  c o n t a c t  p r e s s u r e .  
1 2 8  
The adhesion limit for a free-rolling tire with uniform 
contact pressure is at 
and the locus of adhesion limit points is the horizontal straight 
line 
shown in Figures 111-2 and 111-3. 
Figure 111-3 .  Locus of adhesion limit points (A) for 
a free-rolling tire with uniform contact 
pressure. 
The preceding study of adhesion limit point loci reveals the 
following slip parameter ranges producing an adhesion region in a 
linear tire model with the assumption of uniform contact pressure. 
Since Equation (111-1) shows the adhesion limit 5, to vanish 
only for sx = 1, the adhesion operating range of sx is 
Figure 111-2 shows that for all sx f 1, the adhesion limit 
will vanish only for cl = 90" (5 = a). The adhesion operating range 
Y 
of s is 
Y 
PARABOL I C CONTACT PRESSURE 
For a parabolic contact pressure distribution evaluated at 
5 = 5 Equation (20), solved for the adhesion limit in terms of a' 
slip parameters and traction stiffnesses, becomes 
Solving Equation (111-9) for s Y and using the result in (111-3) 
allows va to be written in terms of sx and 5,. 
The c o o r d i n a t e s  of  t h e  a d h e s i o n  l i m i t  p o i n t ,  A ( F i g .  1 1 1 - I ) ,  a r e  
u  g i v e n  by (111 -2 )  and va  g i v e n  by (111-10)  above .  These  c o o r d i n a t e s  a  
a r e  i n d e p e n d e n t  o f  s and a l l o w  t h e  l i m i t  p o i n t  l o c u s  t o  b e  
Y 
e x p r e s s e d  a s  an e x p l i c i t  f u n c t i o n  o f  Sa  ( o r  5 ) .  The l o c u s  o f  
a d h e s i o n  l i m i t  p o i n t s ,  f o r  p a r a b o l i c  c o n t a c t  p r e s s u r e ,  i s  
where  5 i s  t h e  i n d e p e n d e n t  v a r i a b l e  d e f i n e d  by ( 1 1 1 - 5 ) .  The 
p a r a b o l i c  p r e s s u r e  l o c u s  (111-11)  i s  f ound  t o  b e  l e m n i s c a t i c  w i t h  
f i n i t e  s l o p e  a t  t h e  o r i g i n .  The a n a l y s i s  o f  (111-11)  i s  f a c i l i t a t e d  
by r e w r i t i n g  i t  i n  t h e  f o l l o w i n g  form.  
Fo r  a  p a r t i c u l a r  v a l u e  o f  s x ,  E q u a t i o n  (111-12)  h a s  t h e  f u n c t i o n a l  
form 
where A ,  B ,  and C a r e  c o n s t a n t s  depend ing  on s x .  Nonzero a d h e s i o n  
l imi ts  e x i s t  when B > C / A ,  f o r  which E q u a t i o n  (111-13)  e x h i b i t s  
t h e  two c u r v e s  whose e s s e n t i a l  f e a t u r e s  a r e  shown i n  F i g u r e  1 1 1 - 4 .  
Figure 111-4. Sketch of adhesion limit locus equation 
(111-13). 
The adhesion limit locus is confined to the upper half of the 
lemniscatic loop in the region 0 < 5 < (B - c/A), Recognizing that - - 
the adhesion limit locus exists only for (B - C/A) > 0 determines 
the upper bound for sx at 
The adhesion limit vanishes for straight-ahead braking when s x 
attains the value given by Equation (111-14). For braking at a 
slip angle, the adhesion limit vanishes somewhat before the sx 
value given by (111-14). 
The adhesion limit locus for sX below the upper bound is 
shown in Figure 111-5. The lemniscatic nature of the locus is 
retained as sx drops to zero for the free-rolling tire. At sx = 0, 
the locus becomes a parabola crossing the axis at the contact exit 
L point ( 5  = -). 1-sx 
Figure 111-5 .  Locus of adhesion limit points for 
parabolic contact pressure. 
As the slip angle a is increased from zero, the adhesion point A 
moves forward in the contact patch until it reaches the contact 
entry point at Ea = < = 0. As seen in Figure 111-5, the upper bound 
for the slip angle (and the parameter s ) occurs at the finite 
Y 
slope of the adhesion limit locus passing through the origin. The 
first derivative of Equation (111-13), evaluated at the origin, is 
Introducing the constants A, B, and C from (111-12) yields the 
upper bound to the slip angle a as the limit slope s . Y 
Solving Equation (111-15) for sx gives the upper bound to 
s when a slip angle is present. 
X 
A slightly lower limiting value for sx results for nonzero s . 
Y 
When s = 0, Equation (111-16) reduces to Equation (111-14). 
Y 
The adhesion limit for a free-rolling tire with parabolic 
contact pressure is obtained by setting sx = 0 in Equation (111-9). 
As predicted by the above and Equation (111-IS), the free-rolling 
adhesion limit vanishes when 
Setting sx = 0 in Equation (111-11) results in the parabolic locus 
of adhesion limit points 
shown in Figure 111-6. The locus is proportional to the parabolic 
contact pressure. 
Figure 111-6. Locus of adhesion limit points for a 
free-rolling tire with parabolic 
contact pressure. 
As t h e  s l i p  a n g l e  i n c r e a s e s ,  t h e  s l i d i n g  r e g i o n  c o n t a c t  p o i n t s  
w i l l  f o l l o w  t h e  a d h e s i o n  l i m i t  l o c u s .  Th i s  i s  a  s p e c i a l  c a s e .  
I n  g e n e r a l ,  t h e  s l i d i n g  c o n t a c t  p o i n t s  w i l l  n o t  f o l l o w  t h e  a d h e s i o n  
l i m i t  l o c u s  which t e r m i n a t e s  i n s i d e  t h e  c o n t a c t  r e g i o n  ( e x c e p t  f o r  
s  = 0 ) .  
X 
The p r e c e d i n g  a n a l y s i s  has  de t e rmined  t h e  f o l l o w i n g  s l i p  
pa rame te r  r a n g e s  p roduc ing  an a d h e s i o n  r e g i o n  i n  a  l i n e a r  t i r e  model 
w i t h  t h e  a s sumpt ion  of  p r a b o l i c  c o n t a c t  p r e s s u r e .  
For  s t r a i g h t - a h e a d  b r a k i n g ,  t h e  upper  bound on s x  i s  g i v e n  by  
E q u a t i o n  (111-14)  and t h e  a d h e s i o n  o p e r a t i n g  r a n g e  of sx i s  
I n  t h e  p r e s e n c e  o f  a  s l i p  a n g l e  ( s  > O ) ,  t h e  upper  bound on s x  Y 
i s  r educed  t o  t h e  v a l u e  g i v e n  by Equa t ion  ( 1 1 1 - 1 6 ) .  
I n  f r e e - r o l l i n g  c o r n e r i n g ,  t h e  upper  bound on s Y i s  g i v e n  by 
Equa t ion  (111-17)  and t h e  a d h e s i o n  o p e r a t i n g  r a n g e  of s Y i s  
In  t h e  p r e s e n c e  o f  b r a k i n g  ( s x  > O), t h e  upper  bound on s Y i s  
reduced  t o  t h e  v a l u e  g i v e n  by Z q u a t i o n  (111 -15 ) .  
APPENDIX IV 
I  (; ITAL COMPIJTlill I'I1OGILAMS 
The d i g i t a l  computer  p rograms  d e s c r i b e d  and  l i s t e d  i n  t h i s  
a p p e n d i x  a r e  w r i t t e n  i n  FORTRAN IV f o r  e x e c u t i o n  on t h e  HSRI 
PDP 1 1 / 4 5  computer  w i t h  64K ( b y t e s )  o f  c o r e  memory. The t r a c t i o n  
r e s p o n s e  p l o t s  were  drawn by a  Calcomp 565 d i g i t a l  p l o t t e r  c o n t r o l l e d  
by t h e  PDP 1 1 / 4 5 .  
TI RE MODEL SUBROUTINES 
The f i v e  t i r e  mode l s ,  whose d e s c r i p t i v e  e q u a t i o n s  a r e  
summarized i n  Appendix  11, have  been  programmed a s  FORTRAN s u b -  
r o u t i n e s .  The programming h a s  employed t h e  n o r m a l i z a t i o n  scheme 
d e s c r i b e d  a t  t h e  end o f  Appendix  11 .  Thus ,  t h e  computed t r a c t i o n  
f o r c e s  FX and  FY s h o u l d  b e  m u l t i p l i e d  by t h e  t i r e  l o a d  FZ t o  o b t a i n  
t h e  d i m e n s i o n a l  v a l u e s .  The computed a l i g n i n g  moment 1)IZ s h o u l d  b e  
m u l t i p l i e d  by FZ*L t o  o b t a i n  t h e  d i m e n s i o n a l  v a l u e ,  
The t i r e  model s u b r o u t i n e s  a r e  i d e n t i f i e d  by a  f i v e - c h a r a c t e r  
name and a model code  number a s  l i s t e d  i n  T a b l e  2 .  
b 
TABLE 2 
TIRE MODEL SUBROUTINE NAMES AND CALLING CODE NUblBERS 
Sub r o u t i n e  T i r e  C a l l i n g  
Name Flo de 1 Code 








SAKA I  
GOODYEAR 
The t i r e  model s u b r o u t i n e s  may be  c a l l e d  from e i t h e r  o f  
two main programs ,  W1DGT1 and NMDGT2, deve loped  t o  e x e r c i s e  t h e  
models .  
MA I N P ROG RAMS 
Two main programs were  deve loped  f o r  t h e  pu rposes  of 
o b t a i n i n g  t h e  comprehensive  t r a c t i o n  r e s p o n s e  o f  a  s p e c i f i c  
t i r e  model (NMDGT1) and t o  compare t h e  t r a c t i o n  r e s p o n s e  o f  a l l  
f i v e  t i r e  models i n  e i t h e r  f r e e - r o l l i n g  o r  s t r a i g h t - a h e a d  
o p e r a t i o n  (NMDGT2). 
NMDGT1. Th i s  main program c a l l s  a  s p e c i f i c  t i r e  model 
i d e n t i f i e d  by t h e  c a l l i n g  code i n p u t  datum IMODE.  The v a l u e  of  
t h e  i n p u t  datum ISWl s e l e c t s  t h e  s l i p  v a r i a b l e  (a o r  s x )  t o  b e  
swept  a t  d i s c r e t e  v a l u e s  of  t h e  nonswept v a r i a b l e  ( sx  o r  a )  
a s s i g n e d  by a  DATA i n i t i a l i z a t i o n  s t a t e m e n t .  The nonswept 
v a r i a b l e  i s  c a l l e d  t h e  p a t h  v a r i a b l e .  S u b r o u t i n e  PATHl i s  
c a l l e d  by NElDGTl i f  an a - p a t h  i s  t o  b e  t a k e n  (ISW1=1). S u b r o u t i n e  
PATH2 i s  c a l l e d  if an sx  p a t h  i s  t o  b e  t a k e n  (ISWl=Z). S u b r o u t i n e s  
PATHl and PATH2 b o t h  c a l l  s u b r o u t i n e  MODEL which ,  i n  t u r n ,  c a l l s  
t h e  s p e c i f i c  t i r e  model s u b r o u t i n e  t o  b e  e x e r c i s e d .  A s u b r o u t i n e  
c a l l i n g  f l ow  c h a r t  i s  shown i n  F i g u r e  I V - 1 .  
ci -path  I I 
.-> d MODEL 
F i g u r e  IV-1. Flow c h a r t  f o r  s u b r o u t i n e  c a l l i n g  when 
main p rogram NMDGT1 i s  u s e d .  
4- 
1 1 
NMGDR NhlS Kl 
1 
NMHS 3 NMHS 1 NMHS2 
NMDGTZ. This  main program c a l l s  a l l  of t h e  t i r e  model 
s u b r o u t i n e s  d i r e c t l y .  The v a l u e  of  i n p u t  datum ISWl s e l e c t s  
s t r a i g h t - a h e a d  (ISW1=1: a=O) o r  f r e e - r o l l i n g  (ISWl=Z: sx=O) 
o p e r a t i o n .  A s  w i t h  main program NMDGT1, t h e  swept v a r i a b l e ,  
s o r  a ,  i s  i n c r e a s e d  accord ing  t o  t h e  i n i t i a l  v a l u e ,  s t e p  
X 
i n t e r v a l ,  and number of  s t e p s  s p e c i f i e d  by t h e  i n p u t  d a t a .  P r i n t  
o r  p l o t  o u t p u t  i s  s e l e c t e d  by ISW2. 
The main programs r e a d  t h e  f o l l o w i n g  i n p u t  d a t a :  





S e l e c t s  o u t p u t  mode, p l o t  o r  p r i n t  
T i r e  model c a l l i n g  number I N M D G T 1  on ly  
Name o f  t h e  t i r e  model c a l l e d  (12 c h a r . )  
S t a t i c  c o e f f i c i e n t  of  f r i c t i o n ,  u o  
J 
AS Speed s e n s i t i v i t y  p a r a m e t e r ,  As 
V T r a v e l i n g  v e l o c i t y  
hIU X L o n g i t u d i n a l  c o e f f i c i e n t  of  s l i d i n g  f r i c t i o n ,  v, 
hIUY L a t e r a l  c o e f f i c i e n t  of  s l i d i n g  f r i c t i o n ,  
p~ 
GS L o n g i t u d i n a l  t r a c t i o n  s t i f f n e s s ,  C S  
L a t e r a l  t r a c t i o n  s t i f f n e s s ,  C a  
L o n g i t u d i n a l  c a r c a s s  s t i f f n e s s ,  K, 
KY L a t e r a l  c a r c a s s  s t i f f n e s s ,  K 
Y 
L o n g i t u d i n a l  p a t c h  p o i n t  r e l o c a t i o n  f a c t o r ,  
8, ( s e t = l . )  
BY L a t e r a l  p a t c h  p o i n t  r e l o c a t i o n  f a c t o r ,  P ( s e t = l .  ) Y 
L Con t ac t  p a t c h  l e n g t h ,  L 
FZ 
SXl l  
DSX 
T i r e  l o a d ,  FZ 
I n i t i a l  v a l u e  o f  s x  f o r  s x  sweep 
S t e p  i n t e r v a l  i n  sx sweep 
Number o f  s t e p s ,  o r  p o i n t s ,  i n  sx sweep 
I n i t i a l  v a l u e  of a f o r  a sweep 
DALFA S t e p  i n t e r v a l  i n  a sweep 
b l  Number of s t e p s ,  o r  p o i n t s ,  i n  a sweep 
The f o l l o w i n g  p a r a m e t e r s  a r e  a s s i g n e d  by a  DATA i n i t i a l i z a t i o n  
s t a t e m e n t  i n  NMDGT1: 
ALFl F ixed  v a l u e s  o f  a f o r  which an  s x  sweep w i l l  
b e  conduc t ed .  
F i x e d  v a l u e s  o f  s x  f o r  which an  a sweep w i l l  
b e  conduc t ed .  
SUBROUTINE MODEL 
When main program NFlDGTl i s  u s e d ,  t h e  t i r e  model s u b r o u t i n e s  
a r e  c a l l e d  from s u b r o u t i n e  MODEL which employs t h e  f o l l o w i n g  
i n p u t  and o u t p u t  a rgumen t s .  
I n p u t  Arguments (MODEL) 
SX l o n g i t u d i n a l  s l i p  p a r a m e t e r ,  sx  
ALFX s l i p  a n g l e  a ( d e g r e e s )  
I MODE c a l l i n g  code number (Tab l e  2 )  
O u t ~ u t  A r ~ u m e n t s  (MODEL) 
normal ized  l o n g i t u d i n a l  f o r c e  Fx/FZ 
FY normal ized  l a t e r a l  f o r c e  F  /FZ 
Y 
Xbl Z normal ized  a l i g n i n g  moment MZ/(FZ*L) 
XI A adhes ion  l i m i t  f r a c t i o n  5,/L 
XIS t r a n s i t i o n  l i m i t  f r a c t i o n  S S / L  
I t  shou ld  be  no ted  t h a t  argument XIS i s  r e l e v a n t  on ly  f o r  t h e  
HSRI-NBS-I1 and HSRI-NBS-I11 models a s  t h e s e  a r e  t h e  on ly  models 
which i n c l u d e  a  t r a n s i t i o n  r e g i o n  between adhes ive  and s l i d i n g  
c o n t a c t .  
PLOTTING SUBROUTINES 
The p l o t t i n g  s u b r o u t i n e s  NMGR2, NMPL2, NMPL3 a r e  n o t  
i n c l u d e d  i n  t h i s  append ix  a s  they  a r e  h i g h l y  dependent on t h e  
p a r t i c u l a r  computing and p l o t t i n g  equipment u t i l i z e d .  
- .  
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C Q V M O N  18W1, , f lXrrALFAf,N,Wlr ,  J1, Jt 
COMMON X O R G - )  , Y O R C ( S )  , Y L E N ~ S ~ , Y L ~ N ~ S ~  , X M I N ~ S )  , % M A % ( $ ) ,  
+ Y M I N [ S l , Y M h X ( 5 ~  r N X P I V ~ S 1  , N Y D I V I S ! I ~ C A L X ( ! ! I  , $ C A L Y ( S )  
C O M ~ ~ N  X I Z B S ) r F X ( 2 8 5 ) r F Y ( Z @ S I , X M Z ( 2 f l S )  , N A M E t 6 )  
CQMH@N MUQI A $ ,  V ,  MUX, MUV 
C O M M P N  C8,CALFA 
C O M M O N  KX,KV,BY,flV 
C O M M O N  LIFZ 
C O M M O N .  D&PA 
D O  ,?0 T + l # E J  
CALL, W ~ D E L ( X ~ I ) , A L F A ~ , F X ~ I ) ~ F V ~ I ~ , X H Z ~ ~ ] , X ~ A ~ X T S ~ I M ~ D E ~ '  
C O . T O  (8flr9431rISW2 
$ R  W R I T E  ( ~ , ? B R ~ ) I , A L F A I , x ( I ~ , ~ x ~ I ~ , c Y ~ ! ) , x M  X 1 4 , X I S  
9? Y t I t i ) e X ( I ~ + D S X  
R ~ B O  F O R M ~ T ( I ~ ~ S X I F ~ , ~ ~ ~ Q Y I ~ ~ ; ~ ,  X , ? F ~ S ~ U I  
70  CONTINUE 
R E T U P N  
PNn 
R O U T I N E S  CALLEO:  
i"0DEL 
~ ~ C O M P I L F R  m;-;r C ~ R C * *  
P H A S E  ugeo FREE 
OECLIRATIVES 81255 15618 
EXFCUTABLES s t 1 8 3  1 3 6 0 2  
ASSEMBLY 01297 l82f l8  
.+ - .  
F O R T R A N  ~ 0 b .  1 3  l l i 4 f l l f l i  10aJAN-74 PAGE 1 
C**** L I N K  PATH2  OF M A I N  L I N K  NMDGT 
SUBROUTINE P A T H Z  
REAL,  MUQr HI,IX, HUY 0 K X r  KY 8 L 
COHHPN I P R o l ~ O r ~ ~ R o I K E Y  
C O M M O N  A ~ F ~ ( 5 ) 0 8 X 1 1 5 )  
C O M M ~ N  s x i i ,  I M O D ~ ,  X I A O X I S , D S X ,  I S ~ Z  
COHMPN ? S V l  r S X f r A L P A I r N o M , J l r J Z  
COMMON X O R G ~ S ~ O Y O ~ G ' ~ ~ ) , X L E ~ ~ ~ S ]  , Y L ~ N ~ S ? I X M ! N ~ S ~ O X M A X ~ ~ ~ . ,  . 
+ .  Y M ~ N [ 5 ) ~ Y M ~ X ( 5 ) , ~ % ~ I V I 5 I , N ~ Q I V I 5 3 ~ S C ~ I X ~ S I , S C A L Y ( 5 )  
C O M M O N  X ( 2 0 9 1  p S Y  k2041 , F Y  [ 2 B 4 1  ,XMZt2BJ51 pNdMECC1Pi 
C O M M O N  M U O I d ~ r V e Y U X ~ q U Y  
C O M M ~ N  C8 s CALF4 
C O M H @ N  K X , U Y , B X , R Y  
COMHPN L l F Z  
CONMbN O A L C B  
00 1BB,  Ia lrM 
CALL,  M ? D ~ L ( S ~ I ~ X ~ I ) , F X ~ I ~ ~ F Y ( I ) , X ~ ~ ( ~ I ) ~ X ~ A ~ X I S ~ I ~ O ~ E ~  
60 t o  f 1 1 6 , 1 2 8 ¶ o J S W Z  
i i e  w ~ r ~ c ~ ~ , s a a a ~ ~ , x ~ ~ ~ , s x ~ , ~ x ~ ~ ~ , ~ ~ ~ ~ ~ ~ x ~ i ~ ,  x I ~ , x r s  
B p i ? @  F O R M ~ T ( I ~ O S X , F ~ ~ ~ O ~ ~ X O F ~ ~ ~ O ~ X ~ ~ F I ~ ~ U ~  
d2fl X ( I + l ) n X ( X j + D A L P A  
10P  C O N T l N U E  
R E T U P N  
FND 
. . 
~ ~ C O M P ~ L F R  II--~ C ~ R E @ *  
PHASE FREE 
D E C L A R b T T V F S  01255 1 3 6 1 0  
EXFCLJTABLES a l l 8 3  1 3 6 8 2  
ASSEMBLY $1297 l 8 2 f l 8  
- .  
FORTRAN VBh, 1 3  flillrt40 ~ B P J A N ~ ? ~  PAGE 
* 
I 
R L ~ C K  LENGTH 
!ODE!- j j l ~  r sagbu4) * 
, J l t $ .  1027 ( f f871fl6)  
* r t O M P I L f R  m a r ; *  C ~ R E * *  
PHASE 1JSt-D fRFE 
~ E C L A R A T ~ V F S  BflBQ2 14063 
FXECUtARLEd  Wg996 13899 
Q13SEYBL.V Brtc3rfS tft4952 
w .. - 
F O R T R A N  V B ~ ,  13 i i i 0 9 i 0 2  I BI  JAN;?^ PAGE 1 
t ' t  
C * N M ~ G T ~ : , , , . . ? A ~ ~ . P ~ O G R ~ M . P ~ ~ . O ~ G I T ~ L . T  YOOECO; . . -  . . . .  - .  
C m m ~ ~ m ~ ~ m a ~ m o m a o ~ ~ m w ~ o ~ ~ w w m a ~ m ~ a ~ ~ a m m m - m ~ ~ ~ ~ ~ ~ - m - m w w ~ - ~ ~ ~ ~ e w ~ - ~ ~  
C 
R E A L  M U 0 4  M U X I  M I I Y  , K Y ,  K Y  I L 
C O M M ~ N  IPRI IPD, I W R ~  IKEY 
C O M M ~ N  A / $ !  ( 3 )  , $ U 1 ( 5 )  
C O M M O N  3%1;, ~ ~ O D C ~ X X A , X I S , D B X ,  1 8 ~ 2  
C O ~ M ~ N  I S W I .  # S X ~ I A L F A I , N , M , J ~ , J ~  
COMMON ~ O R G J S ~ ~ Y O R O ~ S ~ , Y L C N ~ S I , V L ~ N I S ~ , X M I N ~ ~ I , ~ M A ~ ~ ~ ~ ,  
, + ,  Y H Z N ( 5 )  a V M b X [ ! 5 , ,  N X Q I V ( 5 )  a N Y D I Y ( S ¶  ,8CALX(91 ,aCAL'f($) 
C O * M @ N  X ( ~ @ $ ~ , F X ( ~ ~ ~ ) , F Y ( ~ O ~ ) I X M Z ~ ~ B S ~ I N A ~ ~ ~ Q )  
COHMPN MUO, A S #  V I  M U Y a  M U Y  
C O M M P N  C B r C A L F e  
C O M M P N  K X # $ Y a B X , B Y  
CQMMOFJ L,Pz 
C O M M O N  OILFA c . - . . .  . . - .  d i . . . . .  . " . .  * - .  .,. . . . - . . - * - .  - . * .  I - "  r - "  . 
- .  
F O R T R A N  ~ 0 6 . 1 3  i i  i s g r 4 ~  t e m ~ ~ ~ - t u  P R G E  i 
QCB43 GO tb ?0b 
nau4 t a r  C A L L ,  N ~ ~ ~ ~ ~ ~ ~ I I , A L ~ A I ~ ~ x ~ I I , c Y ~ I ~ , x ~ ~ ~ I ~ , ~ ~ A , ~ ~ ~ ~  
BBUS 00 T O  206 
Pl0Ub E B ~  C A L L  N ~ H $ ~ ~ X ~ I ~ ~ A L F A I , ~ X I I ~ ~ P V ~ I ~ , X M Z ( ~ ) , X ~ ) ~ , X ~ $ )  
@0!7 GO f h  286 
@@48 20. C A L L  N ~ S K I ( X ~ I ~ ~ A L P A I , F X ( I ~ , P Y ~ I ) I Y M Z ( ! ~ I X I I ~ ~  
a049 S O  TO 286 
%0$ C A L L  N ~ c ~ R ~ x ~ ~ ) , A L P A ! , P x ~ I ~ ~ ? Y ~ I ) , x M z ( ~ ) , x I A ~  
809 1 306 CONTJNUE 
a052 GO T O  ( O ~ , ~ B ) , T S W Z  
g e j 3  00 W ~ ~ T ~ ~ ~ , ~ ~ ~ ~ ~ I , A L ~ A I ~ X ~ I ~ , ~ X ( I ) , ~ Y ~ I ~ , X F ~ I ,  XIA,XIS 
n844 90 X ( ! + l l a X t I ) + O S X  
fl0SS 7fl CONTXNVE,. _ 
GO T O  (71,12)rf8wZ 
9057  7 i  COuT!NU€. 
a058 f f  (1~0~~~1)160rlb0,150 
q~!5 9 j b a  CALL NMGRZ 
P0bB 1SP CALL NMPL3 
e061  71  C O N T I N U E  
a062 G O  T O  20Cll0 
c . . - . . * . . . .- .  r . + . .  . r - .  . r . ... . . - - 7  . * ' *  
C w w m w * m ~ m w ~ ~ ~ m a 1 w w m ~ ~ I . I m ~ w m I m ~ m w w w C L * - . ) C ~ m - ~ ~ . I ~ m ~ * - C ~ - ~ ~ - ~ - ~ ~ ~ - ~  
c 
a 0 4 3  00 T O  (bit62),~sw2 
P 0 6 4  61 C O N T I N U E  
eebs  w a l r ~ c l ~ a , j a e e )  
f l 0hb  WRITE(?PR,bB@B) 
P861 b j  CONTINUE 
Re68 S X f m B a  
g0t$9 x ( l l r ~ ~ r i 1  
a @ ? @  DO l a !  I M O D E ~ l r S  
@071 D O  I?@ J s i r M  
ge?z  G O  T O  ( ~ ~ 7 , 2 ~ 8 , 2 ~ 9 ~ ~ i ~ , 2 i l 1 ~  !MODE 
@0 3 207 CALL, N M H # ~ ~ ~ X I , X ~ I ~ , P X ( I I , F Y ( I ~ , ~ M ~ ( ! ) , X ~ A )  
9074 G O  T O  ?12 
~ 1 0 ~ s  E B B  C A L L ,  N ~ H ~ ~ ~ S X I ~ X ~ I ~ , P Y ~ I ~ ~ F Y ~ I ~ , X M ~ ~ I ~ , X ~ A , Y ~ ~ ~  
Q B ? ~  ~c T O  212 
(a017 $09 CALL, N ~ H ~ ~ ~ $ Y I ~ x ~ ~ ~ ~ ~ % ( I ) , P Y ~ ~ ~ I x ~ ~ ( ~ ~ ~ x ~ A ~ x I ~ ~  
n07R 60 To  2 1 2  
flS79 2113 CALL, N ~ $ ~ ~ ~ s ~ I ~ x ( ~ ~ ~ F x ( I ) , F Y ( ~ ) ~ x ~ ~ ~ ! ~ ~ K ~ A ~  
 grad^ co rn 212 
PBP l $ l i  CALL N ~ o E R ~ s Y I ~ x ( I ) , ~ x ~ ~ ? , C V ~ I ~ , X M ~ ( I ) , X I A I  
orewr 312 CQNTJNUE, 
P g P 7  GO TP ( I ~ B , ~ ~ R ) , ~ $ I L  
RQrtld Y C I T ~ ( I P D ~ S P R B ) I , X ( I ) ~ $ X I ~ P X ~ ~ ~ ~ F Y ~ I ) ~ X M  X!A,I!$ 
@sng ! ? a  Y ( ~ ~ ~ ~ S X ! % ~ + ~ A L F A  
6 is9 CONTJYIIE 
@a87  G O  T O  ~l!lfrlAZ),TSw2 
@$08 bi C O P T I N U E .  
a g e 9  - J F ( I M O D E ~ ~ ) ~ ~ B , I U ~ , ~ ~ ~  
f l f l O @  I4@ C A L L  NMGR2 
BIB91 t3fl CALL NMPLS 
41092 l a ?  CONTfNUE 
BIP193 Z B 0 @  C A l L  E X I T  
C 
- " .  
1 1  h 1 9 i ~ 2  I B ~ J A N ; ~ ~  PAGE 3 
. " - . r . .- .  . . r . .  . ... r .  ... r .  . . . . *  . . . -  . . . . 
1: m ~ m ~ m ~ m m m ~ o m m - m ~ m ~ v ~ m - m ~ m m m ~ m u m ~ ~ ~ m w - ~ m m m ~ m ~ o - m m ~ ~ v a m ~ e m ~ ~ e ~ ~ m o  
C 
i e a g  F O R M A T ~ ~ F ~ ; ~ ,  11) 
l i 0 0  ~ O R M A T ( 5 ~ 8 a 3 )  
lZ0g P O R M A T ( l t r b A 3 )  
1201 P O R M A T ( Z X 1 )  
5@0fl F O R M A T ! l H l )  
600e P O R H A l ( l e X , ' S L I P _ A N C L E  LONG, S L I P  F O R C E m L O N C  F ~ R C E ~ L  
+ # ~ O ~ E ~ T ' / ) ~ X , ~ H ( A L P ~ A ~ ~ ~ B X ~ U H ( S X ) , ~ ~ X O Y H ~ ? X ) ~ ~ ~ X ~ ~ H ( ~ Y ) ~  
+! I ~ ~ ~ H ~ M ~ ) / ~ ~ X I ~ ~ D E O ~ ~ C $ ~ ~ ! ! ~ T H ~ I : R C ~ ~ N ~ I @ X ~ ~  L l ,  r / X t O U I f ! O I j  LB 
+ b X f 1 g H l e ? 0 . L B * ! N ! 1 6 X L ' t m ~ ~ ~ * , ? - ? ~  * m * - w m * c * *  * m r - w w l ~ m m r  , + * w m m r - ~ m w m a j  a m a p m q - - * m f / *  * ) -  , 
8 R B B  F O R M A T ( I I O ~ X . T ~ ~ Z I  10x0 ~ 6 ;  31  f x n ~ ~ 9 . 5 ~ 4 j  . 
7 R 8 R  F O R M A T ( $ X ~  ( ~ ~ 0 8 :  , ~ 4 ~ 2 ~  O X .  c ~ ~ ~ s ~ , f 4 r i ! B 4 ~ , * ~ ~ ~ @ @ , ~ ~ , 2 # # ,  
+ 5 x 0  !V * ' O P U ~ ~ ~ U X O ' A S  r * B F 5 a 3 / / B  
+ S X c ! C S  ~*,F4,~,4X0CCALP~*t,f4.11) 
? ( A R  F O R M A T ~ J X ,  ' K %  U ' ~ F O . Z , U X ,  ' K Y  a * ,  F4 ,2 ,4X ,  
+ 'BX , P ~ o P S ~ ~ ~ ~ X O ' B Y  ar,FSa3/f, 
+ S X I ' F Z  ~ * o F ~ m 2 r ~ X , ' L  o c 0 F S e 3 / / )  
c . . - - " . . - * . - *  . . , . . . - .  - . . - . - . - . . - . . .  * 
C ~ m m m m m m m ~ ~ m m m w m m m m ~ m a ~ ~ - m v ~ m ~ ~ m ~ ~ r m r c m ~ ~ ~ ~ ~ ~ ~ ~ m ~ m m m ~ ~ ~ m m o ~ ~ ~ m ~ ~  
C 
END 
F O R T R A N  VBh, i 3  
t r < f  t 
C * ~ ~ H $ ~ ; ; ~ , ~ , . . . , ~ S R I  ! . Y B J  V ~ C . M ~ O ~ L : . F ~ ~ ! @ T .  { F O C ~ . ~ ~  ! C ~ , . L  . 
C m - ~ ~ ~ - ~ ~ m - m ~ - m m - ~ * m ~ - w ~ ~ ) ~ - - - m m m m ~ m ~ . ~ m m m ~ ~ m m ~ m m ~ ~ - - ~ ~ m m - ~ o m w ~ ~ ~ m  
S U R R ~ U T I N E  N ~ H S ~ ( S X , ~ L F A ~ F X ~ ~ Y ~ H Z ~ X ~ A )  c , t  , . -  
F.. . . .COMPLETE S L I P I N $  POSSIPLE ONLY A T  WHEEL LOCK: 
rJ MQWENT , I $  N O T  COMPUtFDa 
S, WEL L O C K  FORCE$ A R E  C O ~ P U T C ~ :  
C NO T R A N 9 r T t O N  FROM ADHESTON 10 SLIOING: 
C * t . .  . ' . .  ......  9 t r .  r . .-..... * . .  . r . .  . . . * I - .  . - . -  
C - - ~ ~ - m - m ~ ~ m m m e m m m ~ m m m m w m m - m m w m m m m e e m q q - p m m w a - - ~ - q m ~ m m , m m m a ~ a - - ~ a  
C 
REAL, H U , ~ U ~ , H U ~ n M Z # Y X n K Y  n L # M U O  
COHMPN I b U F F t 1 7 9 9 )  
COMMPN ~ W 0 , A S n V t M U X n M U Y  
COMMON C3eCALFA 
COMMPN KXn!Y#BXrBY 
COMMON L r F Z  
i ..... . + .  . ... g . - - .  . - . . . . . - . - . . . . . . . -  . - . 
C m ~ ~ ~ m m ~ m ~ m ~ ~ ~ m ~ w a m ~ . ~ m m ~ m m ~ - m m w ~ w - w ~ - m ~ ~ ~ m ~ ~ - ~ m w w m - ~ ~ ~ ~ a - * m m ~ - * ~  
C 
~ 2 ~ 0 :  
A I . F ~ A L F A * . ~ ~ ~ ~ ~ S ~  
S Y ~ S I N ( A L P ) / C O S I A C P ~  
! F ( S N ) z l # 2 3 , 2 1  
23 1 P I S r ) ? 1 , 2 ? n ? 1  
21 FXaca, 
F Y t B b  
XIAr,l. 
G O  T Q  30  
2i CouTTNyE - 
rr tspc. ) r r# le .s~ 
81" SXg1. 
2fl V S E V ~ C ~ S ~ A ~ F  ) * S O R T  ~ A R S ~ S X ) * * ~ . ~ A O S ~ S Y I * * ? .  1 
M U = M U O * ( ~ , W A ~ ~ V B )  
T E M P ~ s Q R V E I ~ ~ ( $ X I C A ) ~ . + A ~ S ~ ~ ~ * ~ A L F A ~ * * ~ ,  1 
' O E T E R M ~ N E  A D H E S ~ ~ N  RANGE; C.."", 
m 
R O U T ~ N ~ S  C A L L E D ~  
S I N  a C O S  , S Q R ?  r A89 
* ~ ~ O H P I L E R  IR-~ ;W C ~ R E * ~  
PHASE Usha FREE 
D E C L A R I T X V E S  80622  14243 
EXECUTABLES Elf967 13898 
AS8EMBLY B t l R 5  18320 
t ' f  1 t e ~ ~ a s i .  , . ,. , n v ? i  2 .  Y B ~ .  T J ~ c ~ ~ ~ o ! L . ~ . ~ ~ : c ~ .  P C  6 ,  . R C F ~  . . . . . . . .  
c ~ ~ ~ ~ * ~ ~ ~ * ~ ~ m m m ~ a m ~ m m m m m m m m m m . ) m ~ u . ) ( ~ ~ m ~ * . ) ~ ~ ~ m m ~ m m m m m ~ m ~ ~ m m e ~ m ~ ~ w m a  
c 
S U R R ~ U T I N E  N ~ W S ~ ~ S X , A L F A , F X ~ P Y , M ~ , X I A ~ X I ~ ~  
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C * ~ P m m b m - m m m m m ~ m m m ~ C ~ m m ~ ~ ~ a m C ~ ~ ~ ( ~ . ) m m ~ ~ m m ( I ) m m ~ ~ - ~ m m ~ ~ q m m m m m m m ~ ~ - m a  
C ,  , , -  
c.. .. . c o ~ ~ i c i ~ -  S L I ~ I B G  P Q S ~ I B L E  ONLY, A T  W H L E ~  LOCK: 
C WHEEL L O F K  FORCES ARC COMPUteD,  
c T R A N ~ I T I O N  F R O M  A D H E S I ~ N  T O  S L ~ O I N G .  
C UNIFORM V E R T I C A L  PRLSSUR6! b I 9 T R I R U T f O N  
C . . . . . . . . . . . . . . . . . . . . . . . . .  ..-.., . . . . . . . . . . - . . . . .  
t W m m O ~ ~ ~ ~ ~ ~ @ * ~ ~ O b ~ ~ ~ ~ ~ ' I L C . ) U ~ m . ) C I . ) ~ W ( . I ~ 1 I . ~ - W ~ O V ~ ~ ~ ~ ~ ~ ~ ~ ~ W ( . W ~ W m m . ) ~  
C 
REAL, M U , M U ~ , ? Z ~ M ~ A , M Z T # M ~ S , M Z P , K ~ , U X ~ L , M U X ~ M U Y  
COHMPN IBUFF(1799) 
COWM?N H U O I  A S ,  Ve MUX, MUY 
COMMON C 8 , C A L C A  
COMMON K Y ,  !Y n0XtBY 
COWHON L ,FZ  
C . . . . . . . . . . . . . . . . . . . . . . . . ~ . . . . . . . . . . . . . .  
C m m m m m r r ~ ~ ~ ~ r m a m r m r m ~ m m m m m m ~ m ~ ~ w W m ~ m - . ) ~ I ) . I ~ m ~ ~ ( I m m m ~ ~ m m - ~ ~ ~ ~ W ~ ~ ~ ~ ~  
c 
A L F I ? L F I ~ . ~ I ~ u ~ ~ ~ ~  
8 Y ~ S I N l A L P l / C O S ( A L C I  
I f  S S K ) t 1 , 2 9 , L l  





x x a q  . - 
go r c  u s  
r i  COWTINUE 
r r t s y m i . , i i , i e , z h  
2@ SXp1. 
lfl $ P ~ S Q R T ( ~ A ~ S ~ S X ) * * ~ . )  t t ~ ~ b 1 8 v l * ~ ? . ? )  
V 8 8 V * c O 3 i A b f  *8P 
MUpHUOt ( 1 . m A B , V 8 1  
I $ I S X ~ l n ) 3 A n 1 5 r 2 E  




X & AP=Bt 
XISP@bF1. 
$XPs@, 
sYP0p. -  
GO r a  l e i  
" ,  , 
C.. ... DETERMINE A D Y E S I ~ ~ N  AND T R A N ~ I T X O Y  ~ I M I I S :  
I 
x L > U  * i n x  8 
0 - a -  I 
> Q)(* * 8 
V) ask- 0 
C . x i -  1 8  
n m a -  n 
t e c h  Q 9 a 
r - + u r n  g) * I  
wi * . a  .M b E 
f bL-a W I 
m >NU3 >. r I 
a 4 r n  r ? 
. rn k U . f W  1 4  8 
x \-a Y r 
C - - a -  * * I 
m rr 8 - .;t - c.+ n a 
W - u a * &  V) I 
e 6 -  * YEOU *cr I 
4 tU n 4 n I 
a * a IL - ( \ X  . *  + I * 6 A n I 
h h .+I 4 Q o ' L r  an * 8 
4 0 X O ( e m  U I 
.a h u % a  e - % -  \ I 
P- A w a -m X Q , *  . r  . I  
8 - 0  x m3 9 * * a  c * a 
Z U O J  a w 9 a - c n  r I 
- a \  b x o , < - - \  u B 
3 ) -  - U1. Y 4 w b ~ )  IL 8 
9 8  rr: u f I C * . %.A43 2 * I 
19 - h. u x h • a < *  a a 
I+ m 2 C- . U a n CL.U3 :U * I 
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~ - x ~ ~ x ~ c s ~ ~ x ~ 3 c x ~ 0 x x  o I L ~ L ~ L  L L ~ ~ L  ~ ~ C L X B ) X L E I I  I . a  ah  
wl  C( -.rrun - 6. C t 6  U 6 G . - 6, . 6 - &n 9- U J C P  d - Q r =r 
4 1 3  - :d -. • 
6% . 
> .UUU U U U U  U .U U U 









rrl X C Q B  - t &L5:  
Q O w -  
-C z 
\ W  - 
2 V, 
- G )4tu 
\ & a D  
I1 I CC. 4 
(0 
2 r 
.c Y l n J c R  - C l ( n Y I  
C . O X  Yz 
O J I M  
-C m 2-  - 
- " 
l i i 1 3 1 1 3  ~ B O J A N ~ ~ U  PAGE 1 
L 
S U R R ~ U T I N E  N M H ~ ~ ~ S X , A L F P , F X , F Y ~ M ~ , X I ~ , X I S )  
F . - ....- . . .  " . . *  * . -  . - . . -  ... . . - I - .  r . .  - . - . - .  . - 
c c ~ m m c ~ ~ ~ m w ~ ~ - m m * m ~ ~ . ~ n m m r o - - m - m m ~ ~ ) m w ~ ) ~ ) - - m m o m - - m - ~ ~ - ~ m m m m m m w r ~ m m ~ a  
C 
b . ,  , . *  
c.. . . .COMPLETE SLIP IN^ POSSIRLE ~ N L Y ,  A T  WHEEL COCK: 
C WHEEL L O F K  FORCE8 ARF CONPUTEO. 
I: TSAH$ITIQN FROM ADHESION T O  SLIDING, 
c P A R A B O L I C  V E R T I C A L  PRESSURE D I S T R I R U T I ~ N :  
i * . . - - . . *  - - .  r . .  - . . . .-. . . . - . .  . . r r - . - . . - .  
t r - r m r m m ~ ~ ~ r ~ m r m + r r m w m m ~ . I , - ~ ~ ~ ~ C C m ~ m w c w . ) m ( I m ~ ~ - m ~ m ~ - m ~ - ~ a m ~ - a ~ ~ ~ - m  
C 
L 
REAL M U , W U Q , M Z ~ M ~ A ~ M ~ ~ , M Z S ~ M Z ? ~ K ~ # U X , L ~ M U X , M U Y  
C O M M ~ N  IBUFF( 17991 
C O ~ M ~ N  M U O ~  A ? ,  v ,  ~ u u ,  ~ u v  
COMMON CSr&ALFA 
COMMPN H X I ~ Y I B X ~ B Y  
c o w a h i  I,FZ 
c . . . . .  . . ... ...-..*.. r r . . r . .  r r t.. .'. . r r . . . .  . . .  . 
C 
A L F ~ ~ L ~ A * .  ~ 1 7 4 5 3 3  
SYmS!NfALP) /C83(ALC)  
If t S X ) ~ l 0 2 3 ~ 2 1  
28 T F ( S / ) 2 1 . 2 2 r Z l  





60  70 999 
z i  CONY INUC 
IF(SX.I.) I R , I B . I B  
2fl SX81 .  
l a  SPwSQRT($X*$Y+9Y*SY)  
V S E V * C O S $ ~ C F )  * 8 P  
MUeHUQt ( 1. I A ~ ~ * V $ Z  
~ F I S X W I  , ) 3 a ,  1 ~ ~ 2 2  
C t  I 
Fm.,..COMPLETE S L I D I N G  (wHFE1 L O C K ) ,  
e 
15 X IAof l ,  
XfSaP, ,  
X f  h i a 3 g j p  
XT$;Pa@, 
$X"%P, 
~ Y ~ P P , ,  
GO t o  1 Z f l  
c ,  t 
C. .  . . . n E T E R M l N t  ADHESION AND T R A N S T T I O *  LIMITS: 
* 
- .  
7 O R T R A N  V06.13 i l i l f i l 3  lea JAN.74 PAGE 2 
TEMPrpQRT t i A g $ j $ ~ * ~ 8 ) * ~ ~ ;  ) ( A B S C S Y * C A L F A ~ * * ~ ;  1 1  
X I A ~ ~ , ~ T E M ~ / ( S , * ~ U O * f l , ~ )  
X I S ~ I  . .CS*CALFA/ ~ C I + C A L F A ) * S P / ~ S ~ * H U * ( I  *;$XI ) 
c 
rrtxZs)s~,3s,~e 
35 X I I P l f l r  
X ISPrR*  
GO T h  128 
c 
4a  ~ r i x i ~ ) t s , ~ s , s s  
4 5  X IAPtg .  
X I A S P ,  
60 TO 9Fd 
c 
SA I F ~ ~ ~ ~ ~ I A ) ~ B ~ ~ R ~ ? ~  
6fl XIAP81r 
x r t w p i ,  
G O  T O  1 P f l  
c 
7 A  ~ F ~ x I S ~ X I ~ ) ~ ~ , ~ B , ~ R  
8fl X I I P r X I A  
XISP?XXAP 
G O  T P  128 , . 
- 9 8  I F ~ ~ ~ ~ X X S ) ~ B ~ ~  l a n t i i m  
10P XIAPaXJA 
X I S P a t L  
G O  ~b 128 
1 l R  XIAP8XfA 
X I S P I X J S  a ' C m . . . .  ' COHPUTAIION OF I R A ~ T ~ O N  F O R C E *  
c 
1 2 ~  F X I ~ C S ~ $ X P * X I A P * * Z ~  
PXT.(  1 a ~ ~ . ? ~ $ * ~ ~ ~ * ~ 3 ~ ~ ~ , * ~ ~ ~ ~ m ~ ~ ~ ~ 1 ~ ~ ~ ~ ~ ~ ( ~ . ~ ~ l ~ ~ )  t 
t ~ U * 9 X / 8 P * ( ~ , - 2 , ~ U ! ~ C ~ X I A P l ~ X ~ S ~ ) * t X 1 3 P ~ X I A P l  
P X S ~ M U * $ X / S P * ( ! a * 3 a * Y I S P * * t a + Z a * X I S P f i * I a I  
PXn PXA+FXT+FXS 
' C a a s a a  ' c o n ~ u r r r r o n  b~ E ~ R N E R I N G  F ~ R C E :  
C 
F Y  ~ ~ c A ~ $ ~ * s Y P * x I A P ~ * ~ .  
FYI.( I . / J . ~ ~ ! L ~ A ~ S Y P ~  ( ~ , ~ ~ ~ I x I A P ~ x ! ~ P ) ? x I ~ P / ~ ~ ~ ~ x I A P ~ +  
+ ~ U * S V / S P * ( $ , ~ 2 L * ~ I $ P ~ X I A P ~ ~ X J 8 f ) * ( X 1 3 P * X I A ~ )  
F Y S S M U * $ Y / $ P * ( ~ ~ ~ S , * X I ~ P * * Z ~ + ~ ~ * X I S P * * ~ ~ )  
FYI FYA+FYI+FYS 
c , ,  c.. .. .COMPUTATION h~ ALIGNING MOME T'. 
c 
H Z A S ~ . / ~ : * $ X P * ~ Y ~ * ~ C S . C I L F A ~ ~  X I A P * * ~ ; - T ~ / ~ ~ # $ Y P ~ ~ C A ~ F ~  
+ * ( u , r X f A P * * S , r $ , * X l A p * ? 2 a  1 
~ Z J = ~ Y ~ ( ~ S ~ C A L F A I * ~ S ~ / ~ ( I , = S X ~ ~ * ~ ~ I * X I ~ P ~ * ~ , ~ ~ ~ ~ ~ - Y I ~ P ~ * * ~ ~ ~  
+ * ~ ~ / ~ S ~ * ( ~ ~ * ~ ~ ~ P * * ~ ~ + ~ ~ * X I A P * X ! S P + X S ~ P * * ~ ~ ~ ~ ~ ~ * X ~ A P ~ ~ ~ * X ! S P + ~ ~ ~ )  
+ * ( X I 8 P ~ X I A P l .  . 
~ z T B ~ z ? + s Y * ~ c $ ~ c ~ L F A ) * ~ ~ x P * H u / $ P ~  [ ~ a / ~ + ~ . ; ~ ~ ~ ~ ~ ) * ~ ~ ~ ~ * # ~ ~ @ / ~  1 ;  
+XIPPJ*, l*(f~*X!8P**2~+3m*XIAP**Za+4~*XIAP*XISF~10a*(XIAP+XTSP~+ 
+ l B , ) ) * t X T 8 P . X I A P ~  
.- " . . . I  






S I N  , C O $  r 8 Q R T  # A 8 8  
R L ~ C K  - LENGTH- - 
NMHS'S 8 140 (BB4358)fi  t 
, $s$$, 1825 (afl71R2) 
+ * C O M P I L E R  m i - ; r  c b ~ ~ r *  
PHASE [JSlED FRtE  
bECLdRAT!VLS 8e6G2 14063 
€Xt!CUTABl.ES tIj.387 13418 
bS9EMBt .Y  01393 18112 
" t  r c.. . . C O M P L ~ T ~  ~ L I D Y N G  POSSIBLE WITHOUT W Y E C L  LOCK.  
C WHEEL L O Q K - ( J X S ~ ~ I  C A N  0E 8PECIFJE0,  , 
c NO T R A N ~ ~ T T O N  FROM A D H F S T O N  t 0  S L I ~ I N C ,  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  c 
C ~ o w - - - r ~ m a w ~ - ~ a ~ - m m m m m m - ~ ~ ~ ~ * w m ~ r l i m ~ r - m * ~ m - m ~ w m - ~ ~ ~ w ~ m ~ ~ ~ ~ m ~ ~ ~ ~ ~  
C 
REAL, YUO, M U X , H V Y ,  ~ i ,  K Y P L ,  K X  
C O M M P M  IBUFF(17991 
C O W M ? N  n U O I A Q s V , M U X ~ M U Y  
C O M M O N  C S e t A L F A  
C O M M P N  KX,!YIBX,RY 
C O M M O N  LeF2 
e . . . . . . . . . . . . . . . . . . . . , . . . . . . . . I . . . . . . . . . . . . . . . .  
C r ~ ~ ~ o o ~ m ~ ~ m m ~ r m r r r r m m ~ m m m m ~ p m . ~ ~ m m m w - m ~ . ~ - ~ m ~ ~ ~ m m ~ ~ m ~ ~ m m m ~ w m ~ m m ~ ~  
c 
ALFmALFA * 3: l~lb/i0@. 
S Y ~ $ 1 N ~ I L F ) / ~ Q S ( C L F l  
!F(SXm! l a ,  17,1? 
17 Y1A.P. 
JXs t *  
S P E S Q R T  t i ~ i s i s x ) * ~ i , ~ + i ~ ~ s i s ~ ~ ~ ~ Z . ~ )  
GO, T O  g0 _ _ 
1F fPfSXll6,llrbb 
11 ~ F ( 8 ~ ) I b r l ~ , l b  
15 FXxB, 
fYm0, 
M L I B I  
XIAa1. -  
G O  T O  20  
I 6  CONTIINLIE* 
3 X P s 3 X / ( ~ , ~ S x l  
SYPaSY/(1,-SUI 
S P @ S Q R T (  ( A R S ( S X ~ * * ~ . ~ + ( A B S ~ $ V ) C * ~ . ) )  
c , ,  
C,.,..DETERMIWF ADHESION LIMIT: 
. . 
FORTRAN ~ 0 6 . ~ 3  i l i i i r ~ ~  ~ B - J A N ; ? ~  PAGE Z 
I* 
7t4 C X P C S ~ S X P * ~ I A * * Z ~ + ~ U X * ~ B ~ ~ ~ P ~ ~ ~ ~ ~ ~ X I A ) * * ~ . ~ ~  j e i , * ~ I ~ l  
~ Y ~ S ~ ~ L F A + C S * S X ) * ~ Y P * X J I ~ * * ~ ~ + H V Y $ ( ~ Y I S P ) ~ (  1 e ? X I A ) f i * Z . * t  I ; + ~ . * x T A '  
, M Z m , ) b 6 6 * 8 V P ?  1 3 e * C S * S X + C ~ L ~ A * ( 3 e t 4 e ~ ~ f A l  1 * X I A * * Z f i  
+ + ~ S * ( ? Y ! S ~ ) * ( ~ U X * S X * ( I . + S ~ R X ~ A ) ~ J ~ * M U ~ * Y ~ A ) * ( ~ , ~ X ~ A ~ * ~ ~ ~ ~ % ~ ~  
+ +rX?F V / ( K V * L )  
GO T O  20 
c,, . . . C O H P ~ E T L  SLIDING 
c 
uo ~ X ~ N U X * S X / S P  
F Y ~ M U Y ~ I Y / Q P ,  
H t g F Y * F Y / ( Y Y * L )  
C r , .  c.. . . . HUCT IPLY B V  F Z  AND L'. 
c 
2~ F X P F X * ~ ?  
FY aFY*PZ 
M Z I M Z ~ P Z ~ L  
C . . I r . .  ... . . . . . . + .  r r . .., . r - r  . r . + . ,  - + . . .  + . . 





* r C O M P I C € R  r -a -a  CORFII 
PHASE USFD FREE 
DECLARATIVF3  8e8F2 14043 
FxEcurreies ~ 1 ~ 8 7  13638 
A S 3 E M B L Y  e l 2 1 7  1 ~ 2 6 8  
FORTRAN ~ n b ,  i J
b , ,  
t.. . . C ~ Y P L E T €  SLTDING r O S S I B L E  W1THOUT WHEEL L O C ~ .  
C WHFEL L O C K  ( 9 X g l c l  SHOULD NOT BE $PECIFIEDn 
C NO T R A N S J T I O N  PROM ADHESION TO 8 L I D I N 6 ,  
C . " - . . . . " . - . - - . , -  . - . . - * - -  * . -  . - . . .-. - - - 
C m c m m m = m e w w m * a m m m o = a - m m - - - m m w m m a o - m ~ m c - m b e m m ~ m m q m o w m ~ a ~ e o ~ ~ m ~ m - m  
c 
R E A L ,  M U O ~  nljr, M I ! Y , M ~ , H Y .  L, K X  
C O M M P N  I B U F P i l P 8 9 1  
COMMON H U O I A 9 , v r ~ U X , ~ U ' f  
COMMON CSr CALPA 
COMMPN K X # ( Y B B X , R Y  
COMMON L B F Z  e - . . . . . - - . * . -  . . " . .-. . * . .  . a .  . - . . . - . .  . 
C m m o ~ m - m m m ~ ~ ~ - m m ~ m w ~ m - m m o a ~ m m . ~ m m m m m m m a m ~ a m ~ ~ m m m m m a w m ~ ~ m ~ ~ - m w ~ ~ m m  
C 
A L P S A L ~ A * . ~ ~ ~ ~ ~ S S  
$ Y ? S I N ~ A L F ) / g O S t 4 L * l  




X I A q  ,- 
GO f n  z e  
i i  s x t . 9 ~ -  - h. 
1 g  I F t S w ) l 6 ~ 1 1 ~ ~ 6  
1 1  ! F ( 8 Y ) f b r 1 ~ r I b  
16 CONTIN!JE_ , 
S X P ~ S X / ~ ~ , ? S X ~  
S Y P ~ S Y / ( l . r S X )  
T E ~ P ~ S Q R T ( A ~ ~ ( S X * C S ) * * ~ ~ + A R S ~ S ? * C A L P A I * * ~ ~  1 
c , . ,  6,. . . , O E T E R H T N E  ADHESION LIMIT", 
\ -  . " .  
FORTRAN V B ~ ,  i 3  1 i i i i i d 9  f @r J A N ~ ? U  PA@E 2 
C , , . ,  
C,,...COMPLCTE B L I O I N G  
c 
P A  F X ~ C I * M U ~ * S X > T F M P  
~ Y E C ~ L P A * M V O ? Q Y / T E H P  
M Z 8  . ~ ~ ~ ~ ~ ~ * ~ C ~ ~ C A L F A ) * S Y P * S ~ P  




- .  
* ~ C O M P I L ~ R  *-t=- C ~ R G * ~  
PHASE USED FREE 
D E C L A R A T ! V F ~  Be688 14843 
FXFCUTABLES B i z 2 7  13638 
ASSEMBLY BiZGJ 183(118 


